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Abstract

The paper studies and solves in a geometric framework the problem of partial feedback linearization for discrete-time
dynamics. An algorithm for computing the largest linearizable subsystem is proposed. This approach can be considered as
dual to the one already proposed in literature in an algebraic context. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The problem of linearization via regular static state
feedback has been largely studied [6–8, 11, 13]. For
continuous-time dynamics, an algorithm for comput-
ing the largest linearizable sub-system has been given
in [9]. In discrete time the problem has been solved in
[1] using the algebraic framework set in [4, 5], under
the assumption of accessibility of the system. In the
present paper the study is performed with reference
to submersive nonlinear discrete-time dynamics in the
geometric framework developed in [10, 11]. Such a
geometric context is based on the introduction of an
in�nite set of canonical vector �elds which are inde-
pendent of the control variables and associated with
the controllability directions. Through the analogies of
tools and concepts, such a geometric approach enables
us in many cases to unify the study of continuous-
time, discrete-time and sampled dynamics. Presently,
with reference to the problem of partial linearization,
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an algorithm for the computation of the largest lin-
earizable subsystem is proposed following the lines
of the continuous-time approach. It is based on the
introduction of two sets of distributions which char-
acterize the largest linearizable part and are de�ned
in terms of the previously mentioned canonical vector
�elds.
Even if this common di�erential geometric frame-

work leads to the statement of the results in a
comparable way, this should not hide the speci�c dif-
�culties occurring in discrete time. In fact, with refer-
ence to the di�culties encountered one concludes that
continuous-time a�ne systems are very particular and
should be compared to a class of discrete-time sys-
tems as discussed in [11] and pointed out in Section 3.
As a result of the nonlinear control dependency of the
dynamics, the extension is not straightforward and
the results here proposed in discrete time can also be
applied to the general nonlinear continuous-time case.
The present algorithm should be interpreted as the

dual version of the one proposed in [1] where under
some accessibility conditions the results are set over
the �eld of meromorphic functions in (x; u).
The paper is organized as follows. Some prelim-

inary results and concepts regarding the geometric
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framework proposed for the study of nonlin-
ear discrete-time dynamics are brie
y recalled in
Section 2. The main result is stated in Section 3. It is
also noted that there is a speci�c result when a partic-
ular discrete-time dynamics is considered and shown
how the extension of the results to general nonlin-
ear continuous-time dynamics can be done. Finally,
an academic example illustrates the computational
aspects.

2. Recalls and preliminaries

The present recalls are issued from [11, 12].
Consider the nonlinear discrete-time dynamics

xk+1 =F(xk ; uk); (1)

where x∈Rn; u∈Rm, F(·; u) :Rn×Rm→Rn is ana-
lytic with rank(@F=@u)=m, and (xe; ue)= (0; 0) is an
equilibrium pair and assume that Eq. (1) are drift in-
vertible, i.e., H: F0(x) :=F(x; 0) has full rank.
Let us note that the weaker submersivity assump-

tion, [5] i.e.,

rank
[
@F(·; u)
@x

...
@F(·; u)
@u

]
= n

over the �eld of meromorphic functions in (x; u) im-
plies the existence of a regular static state feedback
which renders the closed-loop system drift invertible.
In our context, since the largest linearizable subsys-
tem is feedback invariant, H can be set without any
loss of generality.
Under H, for u in a neighborhood U0 of 0, F(x; u)

is still invertible, and F−1(x; u) can be computed from
F−1
0 (x) according to its expansion with respect to u.
This ensures the existence and unicity of m functions,
1G0(x; u); : : : ; mG0(x; u), parametrized by the control
variables satisfying the set of partial di�erential equa-
tions

@F(·; u)
@ui1

= i1G
0(F(·; u); u); i1 = 1; : : : ; m: (2)

These functions can be computed, for i1 = 1; : : : ; m, as

i1G
0(x; u)

:=
(
@
@�

∣∣∣∣
�=0

F(·; u1; : : : ; ui1 + �; : : : ; um)
) ∣∣∣∣

F−1(x;u)
;

where ui denotes the ith component of the control
vector. By construction, i1G

0(x; u) is an analytic vector

�eld which admits the series expansion

i1G
0(x; u)= i1G

0
1 (x) +

m∑
i2=1

ui2 i1i2G
0
2 (x) + · · · ; (3)

thus de�ning the canonical vector �elds

i1G
0
1 (x)

:= i1G
0(x; 0); (4)

i1i2···isG
0
s (x)

:=
@s−1

@ui2 · · · @uis
∣∣∣∣
u=0

i1G
0(x; u)

∀s¿1; ij =1; : : : ; m:

In the sequel, for any s¿1, �G0s will stand for a
generic vector �eld (4) with �= i1 · · · is. Recall-
ing that the transport of any vector �eld �(x) on
Rn along F0, is the vector �eld �(x) satisfying
�(F0(x))= (@F0(x)=@x)× �(x), under H; �(x) is
given by

�(x) :=AdF0(x)(�) :=
(
@F0(x)
@x

× �
)∣∣∣∣

F−1
0 (x)

:

Setting Ad0F0(x)(�) := � and noting that for p¿1,
AdFp0 (�) :=AdF0 ◦AdFp−1

0
(�) where Fp0 =F0 ◦ · · · ◦F0

(p times), one iteratively introduces the transport of
any �G0s along F

p
0 as

�Gps (x)
:= AdpF0(x)(�G

0
s (·))

=
(
@Fp0 (x)
@x

× �G0s (·)
)∣∣∣∣

F−p
0 (x)

: (5)

Moreover, it is immediately veri�ed that these canon-
ical vector �elds are transformed, under any coordi-
nates change z=�(x), into

�G̃ps (z)=
(
@�(x)
@x

× �Gps (x)
)∣∣∣∣

�−1(z)
∀s¿1: (6)

One of the advantages of the introduced tools, lies in
the ability to express every coe�cient of the expan-
sion with respect to u of any composition of functions
involving the dynamics as Lie derivatives with respect
to the �G0s . As an example, by considering an analytic
function ’j(x) :Rm×Rn→R, one computes

@’j ◦F(x; u)
@ui

∣∣∣∣
u=0

= L
iG01 (·)(’

j)(x)
∣∣∣
x=F0(x)

;

@’j ◦Fp0 ◦F(x; u)
@ui

∣∣∣∣
u=0

= L
iG
p
1 (·)(’

j)(x)
∣∣∣
x=Fp0 (x)

;

where L
iG

j
1 (·) indicates, as usual, the Lie derivative

operator.
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The notion of vector-relative degree can be thus
characterized independently of the control variables,
as described hereunder.

De�nition 1. Let ’(x) be an m-dimensional vector of
analytic functions ’j(x); j=1; : : : ; m. The discrete-
time dynamics (1) has a strong vector-relative degree
r= {r1; : : : ; rm} with respect to ’(x) at an equilibrium
point xe if and only if
(i) L

� G
p
s
(’j(x)) |x =0; ∀s¿1; ∀�; p=0; : : : ; rj− 2,

(ii) there exists an index i ∈ [1; m] such that
L
i G

r j−1

1

(’j(x)) |xe 6=0 and

rank



L
1G

r1−1
1
(’1)(x) · · · L

mG
r1−1
1
(’1)(x)

...
. . .

...
L
1G

rm−1
1

(’m(x) · · · L
mG

rm−1
1

(’m)(x)



∣∣∣∣∣∣∣∣
xe

=m:

As proved by several authors (see for example
[10]), if Eq. (1) has a strong vector-relative degree r
with respect to ’(x) then there exist a regular static
state feedback and a coordinates change transforming
the dynamics (1) into

zk+1 =



A1

. . .
As


zk +



B1

. . .
Bs


Ck ;

�k+1 = �(zk ; �k ; Ck); (7)

where Aj and Bj are in the canonical Brunowskij form
and are of dimension rj × rj and rj × 1, respectively.
In this case the dynamics (1) is partially feedback
linearizable with controllability indices r1; : : : ; rm.
Let us here introduce some notations. Given any

distribution �, �� denotes its involutive closure, and
�⊥ denotes the associated codistribution. Finally, we
denote by G i

1 := [1G
i
1 · · · mGi1]; i¿0 and by i�G

j
s the

vector �eld i1i2···isG
j
s where i1 = i.

3. The largest linearizable subsystem

Problem statement. Given the dynamics (1) �nd the
largest linearizable subsystem under regular static
state feedback or, equivalently, �ne ’(x) with respect
to which the dynamics (1) has a strong vector-relative
degree r with

∑m
i=1 ri maximal.

This is discussed hereafter in the geometric frame-
work following the lines of the continuous-time case.

Suitable distributions are de�ned in terms of the
canonical family of vector �elds (4) and (5). The
results obtained based on series expansions and local
coordinates transformation have a local nature.
Since the expansion with respect to u of i1G

0(·; u)
given in Eq. (3) leads to the introduction of an in�nite
family of vector �elds, one needs to make a distinc-
tion between the vector �elds of �rst order iG01 , which
represent the linear contribution of the control, and
those of greater order i1···isG

0
s representing the contri-

butions of the successive powers of the controls at the
same time instant. Therefore, let us consider the set of
distributions

Q0 = span{1G01 ; : : : ; mG01};
...

Qi = span{ �P i−1; 1Gi1; : : : ; mG
i
1};

P0 = span{1�G0s ; : : : ; m�G0s s¿1};
...

P i = span{P i−1; 1�Gis; : : : ; m�G
i
s s¿1}:

which are supposed to have a constant dimension
around xe.

Remark. In order to compute P0 one only has to test
the independency of at most n vector �elds. Iteratively,
P i is generated by span{P i−1; AdiF0 (P

0)}.

The following results hold.

Proposition 1. Let h(x) be any vector �eld such that
dh(x)∈ ( �P i)⊥, for i¿1, then d(h ◦F0(x))∈ ( �P i−1)⊥.

Proof. The result follows by noting that

@(h ◦F0(x))
@x

× �P i−1 =
@h(x)
@x

∣∣∣∣
F0

× @F0
@x

× �P i−1

=
(
@h(x)
@x

×AdF0 ( �P i−1)
)∣∣∣∣

F0

and that AdF0 �P
i−1 ∈ �P i and dh(x)∈ ( �P i)⊥.

Proposition 2. Let s0 = dimQ0 =m and si=dimQi−
dim �P i−1, for i¿1. The set of integers {s0; s1; : : :} is
nonincreasing.



64 C. Califano et al. / Systems & Control Letters 36 (1999) 61–67

Proof. Suppose that si¿0, then there exist si
vector �elds �j(x) such that �j(x) =∈ �P i−1 and
�j(x)∈Qi. Since Qi=span{ �P i−1; 1Gi1; : : : ; mG

i
1},

necessarily �j(x)∈ span{G i
1}. Therefore, there

exist si functions ’j(x)∈ span{G0
1 } such that

AdiF0’j(x)= �j(x). Moreover, Ad
s
F0’j(x)∈ span{Gs1}

and �P i−1 ∩ span{AdiF0’1(x) · · ·AdiF0’si(x)}= {0}.
It is now su�cient to show that

�P i−2 ∩ span{Adi−1F0 ’1(x) · · ·Adi−1F0 ’si(x)}= {0}:
In order to prove that si−1¿si, let �=dim �P i−1

then, there exist n − � functions hj(x) such that
( �P i−1)⊥=span{dh1(x) · · · dh�(x)}. Therefore, for
any set of nonzero coe�cients �1(x) · · · �si(x) one
�nds

@hr(x)
@x

×
si∑
j=1

�j(x)×AdiF0’j(x) 6=0; r=1; : : : ; �:

(8)

Suppose that �P i−2 ∩ span{Adi−1F0 ’1(x) · · ·
Adi−1F0 ’si(x)} 6= {0}. From Proposition 1, d(h ◦F0)∈
( �P i−2)⊥, there should exist some nonzero coe�cients
��1(x) · · · ��si(x) such that for r=1; : : : ; �,
@(hr ◦F0)
@x

×
si∑
j=1

��j(x)×Adi−1F0 ’j(x)= 0;

i.e.

@hr(x)
@x

×
si∑
j=1

��j(F−1
0 )×AdiF0’j(x)= 0;

which contradicts Eq. (8) thus proving that si−1¿si.

Denoting by k∗i =card{sj¿i; j¿0}, it is straight-
forward to verify that k∗1¿k

∗
2¿ · · ·¿k∗m and

si=card{k∗j6i+1; 16j6m} so that the next result
can be stated.

Theorem 1. The dynamics (1) is partially feedback
linearizable with controllability indices k∗1 ; k

∗
2 ; : : : ; k

∗
m.

Proof. Let �k1¿�k2¿ · · ·¿�ks be the distinct values of
(k∗1 · · · k∗m) and denote by pi the multiplicity of �ki.
Clearly,

∑s
i=1 pi=m. From the de�nition of k

∗
i , it fol-

lows that �k1 = k∗1 , s�k1−1 =p1 and s�k1 = 0. Thus, there
exists a p1-dimensional column vector ’1(x) such that

@’1
@x

× �P�k1−2 = 0 and rank
(
@’1
@x

×G �k1−1
1

)
=p1:

It is easy to see that this implies

@(’1 ◦Fj0 )
@x

× �P �k1−2−j =0; j=0 ; : : : ; �k1 − 2; (9)

rank

(
@(’1 ◦F �k1−�kl0 )

@x
×G �k1−1

1

)
=p1; l=0; : : : ; s:

(10)

Iteratively one gets an m vector (’T1 (x); : : : ; ’
T
s (x))

T

satisfying
(i) ’j ◦F i(x; u)=’j ◦F i0 (x); i=0; : : : ; �kj − 1,

which implies (@’j=@x) �P i=0; i=0; : : : ; �kj − 2 and
(ii)

rank



@’1
@x

×G �k1−1
1

...
@’s
@x

×G �ks−1
1




∣∣∣∣∣∣∣∣∣∣
x=xe

=p1 + · · ·+ ps=m:

Condition (ii) implies the existence of a lin-
earizing static state feedback and of a coordi-
nates change (zT; �T)T := (’(x)T; �(x)T)T, (with

’=(’Tj ; : : : ; (’j ◦F
�kj−1
0 )T; j = 1; : : : ; s)T and �(x)

appropriately chosen) transforming Eq. (1) into Eq.
(7). The matrices Aj and Bj have dimensions �kj × �kj
and �kj × 1 so that the linear subsystem has dimension∑s

i=1 pi �ki=
∑m

i=1 k
∗
i .

The �nal step is to prove the maximality.

Lemma 1. If the dynamics (1) is partially feed-
back linearizable with controllability indices k1¿
k2¿ · · ·¿km, then ki6k∗i .

Proof. Suppose that ki6k∗i is not veri�ed for all
i∈ [1; m] and let j be the smallest index for which
kj¿k∗j . Then, there exist j independent functions

�i ◦Fki−kj0 , for i=1; : : : ; j such that

@(�i ◦Fki−kj0 )
@x

× �Pkj−2 = 0

and

rank

(
@(�i ◦Fki−kj0 )

@x
×Gkj−11

)
= j

which implies that skj−1 = dimQkj−1−dim �Pkj−2 = j.
On the other hand, since kj¿k∗j ; it follows from



C. Califano et al. / Systems & Control Letters 36 (1999) 61–67 65

Proposition 2 that sk∗j −1¿skj−1. One obtains k
∗
j =card

{si¿j}¿kj, which contradicts the hypothesis.

Theorem 1 and Lemma 1 enable us to state the main
result.

Theorem 2. The dynamics (1) is maximally feedback
linearizable with controllability indices k∗1 ; : : : ; k

∗
m.

A particular case. Let us consider the assumption

A : �G0s ∈ span{1G01 · · · mG01} ∀s¿2;
which is equivalent to assuming

G0(·; u)= [1G01 · · · mG01 ]�(x; u);
where �(x; u) is an m×m matrix whose components
are analytic functions with �(x; 0) the identity matrix.
As shown in [2, 3], under A, the distribution Q0

is involutive, and thus Q0≡P0≡ �P0. Because of
this one �nds out iteratively that �P i≡ �Qi and thus
Qi=span{ �Qi−1;G i

1}. It follows that, to compute
the largest linearizable subsystem, it is su�cient to
consider Qi with si=Qi− �Qi−1.
It is interesting to note that A is maintained

under regular static state feedback and is neces-
sary for achieving linear feedback equivalence (i.e.∑m

i=1 k
∗
i = n). In fact, generalizing the single-input

case discussed in [11], one obtains the following re-
sult which illustrates the claimed analogy with the
a�ne continuous-time case.

Theorem 3. The dynamics (1) is feedback equivalent
to a linear and controllable dynamics if and only if

(i) Qi≡ �P i for i=0; : : : ; n− 1,
(ii) dimQn−1 = n.

or equivalently if and only if
(i′) �G0s ∈ span{G0

1 } for s¿1,
(ii′) Qi= {G0

1 · · ·G i
1} involutive and of constant

rank around xe, for i=0; : : : ; n− 2,
(iii′) dimQn−1 = dim{G0

1 · · ·Gn−11 }= n.

The general continuous-time case. Let us consider the
continuous-time dynamics

ẋ = f0(x(t)) +
∑
s¿0

ui1 (t) · · · uis(t)
s! i1···is

g0s (x(t));

ij =1; : : : ; m; (11)

where f0(·) :Rn→Rn and i1···isg0s (·) :Rn→Rn are an-
alytic functions.

As already noted in [11], the geometric frame-
work allows us to study the dynamics (11), which
is nonlinear with respect to the control variables,
through the extension of the results set in discrete
time. To do so, denoting the usual Lie bracket
adpf0 (i�g

0
s (·)) := [f0; adp−1f0 (i�g0s (·))], by i�gps one con-

siders the distributions

Q0 = span{1g01; : : : ; mg01};
...

Qi = span{ �P i−1; 1gi1; : : : ; mg
i
1};

P0 = span{1�g0s ; : : : ; m�g0s s¿1};
...

P i = span{P i−1; 1�gis; : : : ; m�g
i
ss¿1}

thus obtaining the following results:

Theorem 4. The dynamics (11) is maximally
feedback linearizable with controllability indices
(k∗1 ; : : : ; k

∗
m).

Theorem 5.The dynamics (11) is feedback equivalent
to a linear and controllable system if and only if

(i) Qi≡ �P i for i=0; : : : ; n− 2;
(ii) dimQn−1 = n.

or equivalently if and only if
(i′) �g0s ∈ span{g01 } for s¿1,
(ii′) Qi= {g01 · · · g i1} involutive and of constant

rank around xe for i=1; : : : ; n− 2;
(iii′) dimQn−1 = dim{g01 · · · gn−11 }= n.

Remark. The previous arguments have been devel-
oped with reference to drift invertible dynamics or to
submersive dynamics transformed under a preliminary
feedback into drift invertible ones. However, these re-
sults can be applied to any dynamics when assuming
the existence ofm suitable analytic parametrized func-
tions iG0(·; u) satisfying the partial di�erential equa-
tions (2) together with the existence of their transport
along the dynamics F(·; u) (executed at most n − 1
times). This is illustrated by the following example
speci�cally issued from [1] to reinforce the duality of
the two approaches.

Example. Consider the discrete-time dynamics

x1(k + 1) = x2(k) + u1(k);
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x2(k + 1) = x3(k)u1(k);

x3(k + 1) = x3(k)u2(k);

x4(k + 1) = x4(k) + u1(k);

which, even though not drift invertible satis-
�es conditions (2) with 1G0(·; u)= (1 x3=u2 0 1)T,
and 2G0(·; u)= (0 0 x3=u2 0)T. Setting (xe; ue)=
((0; 0; a; 0); (0; 1)) with a 6=0, one easily computes

1G01 = (1 x3 0 1)
T; 12G02 = (0 − x3 0 0)T;

2G01 = (0 0 x3 0)
T;

and veri�es that (12i3···isG
0
s ; 22···isG

0
s )∈ span{12G02 ;

2G01}, whereas 11i3···isG
0
s =21···isG

0
s =0. In order to

compute Q1 and P1 one considers the transport of
1G01 ; 2G

0
1 ; 12G

0
2 along F(·; (0; 1)) given by

1G11 = (x3 0 0 1); 12G12 = (−x3 0 0 0);

2G11 = (0 x3 0 0):

It follows that

Q0 =





1

x3
0

1


 ;


0

0

x3
0




 ;

P0 =





1

x3
0

1


 ;


0

0

x3
0


 ;



0

−x3
0

0






which leads to s0 = 2; and

Q1 =





1

x3
0

1


 ;


0

0

x3
0


 ;



0

−x3
0

0


 ;


x3
0

0

1




:

For a 6=1, s1 6=1 and dimQ1 = 4 it results that k∗1 = 2
and k∗2 = 1. By considering Pk∗1 −2 =P0 one �nds
’1(x)= x4(k)− x1(k) such that
@’1(x)
@x

×P0 = 0;

rank
[
@’1(x)
@x

× (1G11 ; 2G11)
]
=1:

Under the coordinates change (z1; z2; z3; z4)= (x4 −
x1; x4−x2; x3; x4) and the linearizing regular static state
feedback law u1(k)=v1(k)=(1−z3(k)); u2(k)= v2(k)=
z3(k), one obtains the following dynamics:

z1(k + 1) = z2(k);

z2(k + 1) = z4(k) + v1(k);

z3(k + 1) = v2(k);

z4(k + 1) = z4(k) +
v1(k)

1− z3(k)
with controllability indices (2,1)

4. Conclusions

Amethod for computing the maximal partially feed-
back linearizable dynamics has been proposed in the
discrete-time context. The developed arguments are
dual to those proposed in [1]. The present approach,
which does not require any accessibility assumption, is
performed in a geometric framework which brings to
control free results and provides a unifying methodol-
ogy for discussing discrete-time, continuous-time and
sampled dynamics as well as extending the results set
for a�ne continuous-time systems to generically non-
linear continuous-time dynamics.
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