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It 15 shown, on the basis of a compact expression of the kernels of the discrete Volterra series associated to a linear analytic
discrete-time system, that the kernels satisfy a svitable property which enables their inductive characterization. We also give a first
result on the realization of a given family of functions by a lincar analytic discrete-time system with linear invertible drift term,
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1. Introduction

The charactenization of the structure of the Volterra kernels in the input—output response of a nonlinear
continuous-time system was first given in [1]. On this basis it was pointed out in [2] that a suitable property
of the kernels (which includes separation into functions of time characteristic of linear systems) enables to
state a result on realization of a given family of kernels by means of a linear analytic controf system. The
property of the kernels there involved can be considered as a straightforward extension of the well known
property of separability for the kernels of linear and bilinear systems.

If discrete-time linear and bilinear systems are considered it is well known that such a property of
separability of the kernels holds as well [3]; this fact enables one to obtain results in the field of the
realization problem which can be considered as translations of the continuous-time ones. From these
considerations one might expect to get results in the nonlinear discrete-time realization theory -which
parallel the continucus-time ones; unfortunately, as will be clarilied in the sequel, this is not the case when
dealing with more general classes of discrete-time nonlinear systems,

In this paper we give first a characterization of the structure of the kernels which appear in the
development of the input—output maps of a linear analytic discrete-time system; then we show that the
kernels satisfy a suitable property which enables their inductive characterization. This property, which 1s at
the basis of realization problems, is discussed in order to stress the analogies and differences with the
equivalent property of the continuous-time case. Finally, we state a first result on a given [amily of kernels
by a linear analytic discrete-time system with linear invertible drift term.

2, Input—output maps and Volterra kernels

In what follows we will consider a nonlinear discrete-time system of the form

x(t+1)=x(2) +f(x(0)) + g(x())ulz),
H)=h(x(2)),  x(0)=x,€R",
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where f:R" - R", g:R" > R" and #:R" - R are analytic functicns on all R"; u(-) € R, y{-)= R. The
single-input-singie-output assumption is made for simplicity of notations only. The input—output response
of (1} can be derived as follows. f 6: R” — R", x — ¢(x). denotes any function, which will be assumed to
be analytic on all R”, let us introduce the following differential operators:

. ‘A " gtk
®0 _ ek & R L. A—
L?Y=1d, L} = E 10‘.1 Gj*ﬂx,- ax, k=1, (2)
Faoooadg= 1 &
1
Aoé Z FLl?k‘ (3)
k=0 7"
where a;, j=1,...,n, and 1d denote the j-th component of ¢ and the identity operator respectively. It
follows from (2) and (3) that for any choice of & analytic functions .. R" —=R", i=1,...,k, such that
=71 +1+ 4+ 7, one has
Aa:Arl+---+r&.:Ar,®Arz® T ®An; (4)

moreover, denoting by §; any differential operator of the form either (2) or (3),
3, ®(8,+8,)=8,®8,+65,®3,. (5)

In particular in (4),

1 @u, @k,
A,ﬁ ®'dr2 = Z ml"ﬂ & sz .
ko k=0 12
The differential operator defined by (3) can be used to express in a suitable manner the composition of
functions. Namely if A:R” — R is any analytic function on R" it is a matter of computation to verify that

the composition, denoted by ¢ «°, of A with f + a, [ the identity function, can be expressed as

Ae{I+o)(x)=A{x+a{x))=4_A|, (6)
where |, denotes the evaluation at x. More in general, if 6,: R" = R”, i = 1,.. ., k, are analytic functions on
R", the iterated composition of A with I+ oy,...,7 + 0, can be expressed by means of the iterated

application of operators of the form (3) as

Ae{I+o)o - oI+ )x}=Ac(T+0)e -+ e (J+a){x+0,{x))
=A, Ao (T+o)e - ro(T+ay)|, =4, 0 - oA A, (7)

A property to be taken into account follows from (6) and (7):

Ao (I+ok) @ (I+02)(x+ ol(x)) =Anz A ﬂn&A|x+a1(x)' (8)

The tools introduced are suitable to represent the evolutions of the system (1) which involve compositions
of functions. The state and output evolutions in one step can be obtained from (6), taking into account (4)
and (5). The replacement of o with f+ u(¢)g, and A with % and I in {6) enables us to write

u(r)"
|x(f}= Z nl Af®L?"I|x(:)s

n=0

w(1)" o
1+ 1) =8, Tl =4,@ ( X oL

n=0

u()” u(r)” ,
y(f+ l)zAf+u(r)gh|x(r):Af® ( Z —Lgnh)ix(r): E TAI@L? hi.r(f)'

'
n=0 n n=0

The output at time ¢ depending on x,, assumed at time ¢, = 0, and the input sequence u(0),...,u(z — 1)
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can now be expressed by means of (7) taking into account (5}, (8);
.V(f) = Af+ wyg T ° A,r'mn—-l)gm_\-o

_ ¥ (@)™ u(r -1

1., !
ng! n,_,!

A;®L2™00 - o A ®LI™ b, ' (9)

The input—output development (9) stresses the dependence of the output at time 7 on all the possible
products of inputs until time ¢ — 1. This expression can be suitably used to stress the dependence of the
output on the preducts of inputs at a fixed degree, say k. Denoting by w, (¢ 7,...,7, X3) such a
dependence, with t > 7y > 7, > - - - > 7, > 0, the output at time ¢ can be expressed as

=B x)t Y D wlmenixu(n) o a(s) (10)

k=1lvz- -z

which is the equivalent, with reference to the discrete-time system (1), of the Volterra series development
for a linear analytic continuous-time control system, Because of this analogy w, will be called *kernel’. The
expression of each kernel in terms of the differential operators (2) and (3) can be deduced by equating (9)
and (10); by computation one has

k=0; wy(t: x,) =A’j-h|Xu,

= 1- . . = AT » a r—r—1

k=1; w(t;m;x)=048%°4,8L 0 A; s
73 e AT Ta— ] 4 a -1 —1
Af lAf® Lg Af df@];g d‘rlr hl_‘.o, T >'Tz.,

k=2 w17, 75 x5} = L:’z
T ron =1 _
Aje A 51 - & k|, =7

In order to set a compact expression for the kernel of order k let us denote by [, i=0,1,...,r, any

increasing sequence of indices of length at most equal to & + 1 such that:

()0=fly<l <. <l =k,

(i) ,=m Ve, Bs.t. ] _ <a B<i,s€{l,....r};
moreover let o, be defined by e, =/, —1,_, (i=1,....r)and 5, =1.

The typical kernel of order &, which specifies the dependence of the output at time 7 on the product of
inputs (7 )" u(r )% - u(7, )" (product of inputs of degree k& with ¥/ 6, =/, =k), can be
expressed as

l 1
W Ty %) = Aot e [ 4,® LR e e e | (1)
where [-]!_, denotes the iterated application, from r until 1, of the operator in parentheses.

The previous formula includes the well known expression of the kernels of linear and bilinear systems,
In particular if  + f, g and 4 are linear in x (bilinear system),

A, L2 e Ak =0, n>1,Vk, (12)

hence w, =0 for any choice of /,,...,/, of length less than k or, what is the same, the output is never
affected by products of inputs at the same time instant [3]; the expression of the kernels can be easily
deduced by performing the computations. When 7 + f and 4 are linear in x and g is a constant (linear
system), (12) holds true; moreover any term of (11} corresponding to s > 1 does not appear because

A, ®L o A;®L oMk, =0 Vk.
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Hence w, = 0 for any k > 1 or, what is the same, the output is never affected by products of inputs.

Remark. It follows from the previous considerations that there are several kernels of order &, the expression
of cach of them depending on the sequence oy,....qg, where a,, { = 1,....r, denotes the power of the inputs
at the same time and o, + --- + g = k. Ths fact. which does not cccur in the continuous-time case, is ong
of the main reasons ol the differences between discrete-time and continuous-time systems. When a
discrete-time bilinear system is considered, because of the lincarity in x there exists only one kernel of order
k (associated to the sequence of inputs #{0)--- #(k —1)), which makes the situation similar to the
continuous-time case.

3. Some basic results on the realization
With the positions stated previously for the indices /, and ¢;, we can now give the following result.

Proposition 1. Assuming I+ fin (1) to be invertible, the k-th kernel (11) associated to the sequence of indices

L. .. 1, can be computed, from the (k — o, )-th kernel associated to the indices I,,... I _ |, by
] 1
wk(f171=----7ksxu)= Z ﬁ
Ayt 20 T a
gt +u,no’=o,.
@ By, " + . ..
.Lf’1("1'.',_|+1\-'tn}® e ® LP«, UTr g 1-Xg) ° Wi "r(r’ LARRERERS" 6.? )l-"u (13)

Jor a suitable choice of the analytic functions PN XR"—=R", i=1,...,0

s

Proof. Because of the invertibility of the function / + f the differential operator 4 /7 is well defined for any
7 0, Le. the operator which has the property
Ao A77=A770 Af=1Td.

Let us denote by £,(7), /2 1, 7 = 0, the differential operator defined by

A

1 oy . .
B(r)=aye 8, @ L e 4700 4] 14

The typical kernel (1]) can now be ex'pressed by

1 B —1 -1 : [
wo (8 T,y Xg) = Af-iite 4,® ;Lg re 4 e Ar T 1 o Ak,
A

=Po,(7":,_|+1) G ® Pol(Tl) ° A}h|x”’ (]5)

This formula enables one to express the typical kernel of order k associated to the indices /,,. .../, by means
of the application of the operator P, (7, ) to the function w, ., (# 7,...; -) which yields, at x;, the
kernel of order k — o, associated to the indices /,,...,/,_,, L.e.

w1 70T X)) = Pg,("'.r,._]+1)w.a-—n,_(f; Treeees Ty 5 ')|xu‘ (16)

A remarkable property of the operator (14) is that

l B @
Pr)= z PRSI SIS AR S (7)
1+ 2
nl,...,nj::-D Kl
m+2ns+ e gng=g
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where P.(7) x) denotes the function cbtained by applying the differential operator P,(7) to the 1dentity
function and L?I?L,(_,} @ - B L}‘f:f;xx, is the differential operator defined by {2).

To show that (17} holds true, let us recall that given any analytic function A R"— R, 4,® L3/A[,
represents the coefficient of power f in w in the Taylor scries of the composite function A o {7 + f+ gu)

starting from the point (/ + f)(x), Le. symbolically

AL

dx

: 8 Ao (F+f+gu))
E =] —_ -
d;—@ LSJAL(“ - a]',{f-'r) xox, -

,
g’
(f=fiux,

where the bar denotes the evaluation at the pomt {x,, 0y and (J + f ) x,) respectively, and

30 | _ n 3ih 1
K — P,
| Xg,= X 53

_ , X (xg) X oo X g, (xg).
ax(.” '{!"'f“:xu} e i_l.-x'l i e d‘xr'f L] 0 I L]

|(!+f)(.m)
Taking into account (7) and (8) it is easily seen that

(Ao (T+f) T 1)

aXU'J

4}0 AJ;@ L?J s 4;"_'1 ® M,D= ng|(!+f}"[x0) (18)

iy

where (7 + £} denotes the r-times composition of the function f + /.
By performing the computations on the right-hand stde of (18) 1t is not difficult to verily the following
expression:

. Bia-r-1y| — J!
Ao A, @LYA; "N, = m...%_,kﬂ 1) (1)
iyt 2y e =
'Lgﬂml,} - ® Li?;#;(x“) ° Mx(, (19)
where |
Pr)(xgy=a7A,@ LYAZ7'T|  r=1...

By substituting in (19)
B (1)(x0)=r'P{7)(x0) = rtP(7. xy), (20)

(19), (17 and (16) show that {13} holds true. 0O

From (13) and (15), with the stated positions for the indices, we have

wolts x)=4A%h|,, (21)
1
1
w £y T, T x) = ¥y ml‘?ﬁ?;h-;w-“ ® - @ Lf’ifa"'{m o o Ak,
L ITIN no':\-ﬂ 1- AL ’
"+ s tan, =0 s=r
k=1. (22)

Proposition 1 states the announced property of the kernels of a linear analytic control system which has
invertible drift term. Moreover for o, =1, i=1,...,k (i.e. 1, > 7, > - -+ > 7.), (13) gives
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w6 7T xu)=Lle,xn} ow, {85 7,1 Mo
=4%° Ly ® A7%wy (s )L, by (17)
=4} - Ly 0. .t}wk—l(t; TiseeenTh— o A;T"X)L\-U

= dw (157, A;’*(x))
- dx

(F+ M x,) X PI(U- x)|{1 FAM ) (23)

{23) points out the strict analogy with the formula which expresses the link between two successive kernels
of a linear analytic continuous-time system. To be more precise, denoting by fand g the vector fields which
define such a system, the link between the kernels w, and W, | is given by

W, g0 P,

ax Xg(q)r,‘(xu)) (24)

1ga, { b

W, (15 7y, 0Ty X ) =

where _:R” - R" denotes the flow associated to f, The analogy of (23) with (24) is now evident taking
into account that {(f+ f)";R” —» R" denotes the ‘flow’ associated to J+ f. A difference which must be
noted is that instead of g{x}, P,(!)(x) is present in (23); this correspondence turns out to be meaningful for
a better understanding of the links between nonlinear continuous-time and discrete-time systems.

Let us now consider the usual nonlinear realization problem.

Definition. A family of functions {A,(¢; 7,...,5)}%,, t=1, = -+ =7, 1 and 7, belonging to N, has a
linear analytic discrete-time realization if there exists a system of the form (1) such that, denoting by wy its
kernels,

w7y, Xg) = A (01, my) YizT2 s 2.

The quadrupule { f, g, b, x;} is called a realization of the given family of functions.

The property stated in Proposition 1 must cbviously be taken into account when dealing with a
realization problem of a family of functiens {A,}7Z,. Unfortunately in (13) the link between w; and the
previous ones depends on the functions P, i = 1. This would make it possible to formulate the problem of
realization by means of a linear analytic system in terms of the existence of a famuly of functions
PNXR" >R and @:N X R" - R which satisfy suitable properties. Such a result does not seem to

provide much insight into the problem itself. A nice result can be obtained if one restricts oneself to find a
realization which has a linear invertible drift term; with f(x) in (1) given by

x+f(x)=Ax+d, A€R"”" deR"™!, (25)
with A invertible.
Under the position assumed for the indices /; and o; in the previous section, we have:
Theorem 1. A family of funciions { X\ (t; 7,...,1)2, has a linear analytic realization of the form (1) with a
finear invertible drift term if and only if there exist an integer n, twe functions
P.NXR"—=R", O:NXR"—R,
and an x, € R" such that:

() A1) =001 x) V1,

y 1 7
(ii) Ak(t;'r],...,fk)=[FLj?(‘;:_I_]._IU)] o Qe, x)|,, Yizmz - 27 Yzl

§=F
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Proof. Necessity: Because of the linearity of 7+ f, the functions P.(r, x) defined by (20) and (14) are
identically zero for i > 1:

P(r,x)=0, i>1.
Denoting

Q1. x}y=4h|, ¥, Plr,x)=Pir.x) ¥r,

it 15 immediately verified by means of (22) that (i) and (ii) hold true.
Sufficiency: Let us define the discrete-ume system

2+ 1)y=z+ F(z)+ G(z)ulz),

v(z)=H{z). 2(0) = z,, (26)
with

z=(xp,....x,, i), zo( x5, 0)

F=(0,...,01), G(z)==(p1(z] ..... p(2). 0. H(z)=0(z).

where  denotes transposition and p,(z), j=1,...,n, are the components of the vector-valued function P.
We will show that the Volterra kernels of the system (26) coincide with the [unetions on the right-hand side
of (i) and (ii); i.e. the system (26) initialized at (x(, 0) provides a realisation of the given family of
functions. For, denoting by W, k > 0, the Volterra kernels of the system (26), one has

Wolti z2g) =4, H|. =H e (1+ F){zg)= H{(x, 1)) = Q(2, x) =Xy (7).

As far as the other kernels are concerned, with the notations introduced in the previous section for the
indices. we have

®o, 1

L - .
Wt 7w 20) = [AF-4, @ —5— 0 A0 o AT o ApH|, .

¥,
¥ s=r

The proof will be achieved as soon as we show that the following equalities hold true:
AeAp ® LEFAA = L3E 0 V=1, 27

For this purpose let us recall that from (21), {14) and {17}, because of the structure of F (which is a
constant in this case) it results that

Apdp ® LEHATIAT = L3N o) ararroy-
Hence (27) holds true if and only if

ALA, ® LA, (2)=P(7, x).
Recalling that (see (18))

a1+ F)"!

A4, @ L AT (2)= -

XG|U+F]‘{:} (28)

I+ Fy Tz
and that, because of its structure,

(I+FY (2)=(I+F)(x,i)=(x",i+7),
we obtain

I+ Fy’

=1d" (theidentity matrix) ¥r,
dz etV
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which substituted into (28) gives
ATA @ LA "= Go(F+ F) (2)=1d"-G(x,7)=P(x,7),

which concludes the proof. O

Particular assumptions on the structure of the function P of Theorem 1 include known results on the
realization of discrete-time lincar and bilinear systems [3,4]. In order 1o clarify this aspect we give the two
following corollaries whose proof is straightforward.

Corollary 1 (bilinear systems). 4 family of funciions [\ (f; 7. 7))o t > 7y > -+ > 7., has a bilinear
realization with invertible drift term if and only if the conditions (1) and (3} are sutisfied with functions P and
lnear in x:

Ple,x)=P(t)x, Q(r,x)=0Q(r)x V1,
such that P(3) and Q(1), (n X n) and (1 X n) matrices, satisfv the conditions
(a) Q(y=0(r—1)X, by P(1)=X"'"P(:—1)X Vvi>0,

for a suitable (n X r) invertible matrix X,

Corollary 2. Two functions A (1), M (1, 7), > 1, have a linear realization with invertible drift term if and only
if the conditions (1) and (il} are verified with P constani and Q linear with respect to x:

Plr.x)=P(1), O(i,x)=0(r)x Vi,
and P(1) and Q(t) (rn X 1) and (1 X n) matrices such that

() 0()=0—1x, () P()=XT'(P(1-1) Vi>0,

for a suitable invertible constant (n X n) matrix X.

For a linear realizations in the zero state, x, =0, Corollary 2 includes the well known separability
condition:

wit; m)=0g(1)P(7).
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