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The immersion under feedback of a multidimensional
discrete-time non-linear system into a linear system

8. MONACOt and D. NORMAND-CYROT}]

This paper deals with the problem of finding conditions which ensure the reprodueibility
of the input—output behaviour of a linear analytic discrete-time system by means of a
lincar discrete-time system. On thia basis the problem of madifying the system by
feedback in order for it to enjoy such a property is posod and solved.

1. Imtroduction

Throughout this paper we shall deal with linear analytic discrete-time
systems, i.e discrete-time systems represented by input-state difference
equations where the controls act linearly, Linear analytic continuous-time
systems have been widely investigated in the last decade (Lobry 1970,
Sussman and Jurdjevie 1972, Hermann and Krener 1977).

Some problems which are interesting from the control point of view have
recently been solved by modifying a given system hy means of feedback
{Fround 1975, Sinha 1977, Brockett 1978, Jakubczyk and Respondek 1980,
Hirschorn 1981, Claude 1982). The approach is essentially geometric and
based on the tools of differential geometry. Non-linear discrete-time systems
have been investigated mainly by following an algebraic approach (Sontag
1979). The approach developed here is mainly based on the notion of
generating series (Flicss 1980, 1981) and some extensions on the input-output
behaviour (Normand-Cyrot 1982), On this basis we give, in Theorem 1,
necessary and sufficient conditions under which, for any given initial state,
the input—output behaviour of the initialized system coincides with that
of a linear initialized system ; moreover we look for a lincar system which

one.

The formal statement of this problem brings us to the ¢oncept of immersion
recently introduced by Fliess and Kupka (1983). A preliminary study of
immersion into a linear system of a multi-input multi-output non-linear
discrete-time system, performed in § 3, is followed in § 4 by immersion under
feedback. By the latter we mean the problem of finding a feedback control
law under which the modified system is immersed into a linear one. Some
links with other control problems, e.g. input—output decoupling, are briefly
discussed. '

The results presented hero generalize to the multi-input multi-output
situation some results presented in (Monaco and Normand-Cyrot 1982) for

Received 16 November 1982,

+ Istituto di Elottrotecnica dell’Universita del’Aquila, 67100, Monteluco,
1’Aquila e Istituto di Automatica, Via Budossiana 18, 00184 Rama, Ttaly.

t Laboratoirc des Signaux et Systémes, CNRS-ESE, Platean du Moulon, 91190
Gif sur Yvette, Hrance.

K2



246 8. Monaco and D. Normand-Cyrot

the one-input one-output case ; and they extend to the class of discrete-time
systems, somc results recently obtained by Claude et al. (1982) for continuous-
time non-linear systems.

The following section deals with some preliminaries.

2. Input-output development and gemerating series

The notion of a generating scries, which characterizes the input—output
behaviour of a non-linear system, was introduced by Fliess (1980). For the
sake of completeness, in the seqiel there is briefly presented an extended
notion of generating series associated with a non-linear discrete-time system
given by analytic (or polynomial) differencc equations ; for a more complete
treatment, see Normand-Cyrot {1982).

Consider the linear analytic discrete-time system

£t 4+ 1) =2(t) + () + E] wga(t))

=x(t) + f(t)) + g(z(E))u(t) (1)
(Z)
y(ty=hz{t)) ; xlfy)=x,cRY (2)
where 2(HeRY ; f, g1, ..., ¢, R¥—>RY and &: R¥>R are analytic functions
on RY; the input w={u,, ..., »,) are real-valued.

The input-output behaviour of the initialized system X, , can be represented
by means of a generating series

The notion of a generating series can be given formally in the following
manner. Let R[uy, ..., %,] be the R-algebra of commutative formal power
series, and denote by

Riuy, .. up]]‘ﬁ“éﬁ{[ul, s U @ @R[y, -, ]

the complete tensor product of a copies of Riu,, ..., u,]; each element of
R[u,, ..., %,]®* is a formal power series with « - p variables

2y (0), <. up(0), oo yla—1), ooy wy{a—1)
.Let

T(R[w,, e W) = é R, ...,-ujj]]@“

az0
be the complete tensor algebra ; an element of it can be represented by

=Y 9,

xz=0

where each %, belonging to Riu,, ..., #,]®% is a convergent power series.
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Then % is a generating series for an input—output system described by
at =0, ¥(0)=%,cR
att=1, y(1)=F,0u(0) ... up(0)ERny, ... u,]

At t=a la) =y (0), ..oy 10, (0), ooy upfa—1), .., )
{rx—l JER[uy, ..., w,[%*

The input-output behaviour of X, ocan be represented by means of ¥
an element of T(R[u,, ..., u,[}", as

G= Y ylo)=hlrg)+ Rl + () + 2o)u(0)) + .. (3)

w0

Moreover % can he developed as a series in the commutative variables
10,(0), ..., %,(0), 2y (1), ..., (1), ...

Remark 1
If the output h=(h,, ..., k) is g-dimensional, we constrazet a vector of
generating series ¥=(%", ..., %), where %! is the generating series corres-

ponding to the {th component %; of the output h.

Example 1
Let us consider the linear system

F
w(t+ 1) = Z
y(t)y=Cx(t)
where z{t)cR¥, z, is the initial state and 4,, B, ..., B, and ¢/ are matrices of

appropriate dimensions.
The output at time ¢ is given by

y(t)=C Alyy + 2 T 04T+ B (k)

=0 i=1
1t can be rewritten as an element of Rlu,, ..., #,]%* be setting uy{r)=1 for all
720 one has
i—1
Y =CAdyu,®t+ ¥ Z QAR B S 1k @y Qu, ¥k
=0 i=1

The generating series is then

G= Y yla)= O — Auy)® l(xu-i- E B, ®u0®“)

==0

where (I — dug)®1=T1+ Au,®  + A%, 52+ .+ Ama®m 4
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Example 2
Let us consider the homogeneous bilinear system

Bt +1)= (Ao+ i ﬂ"&(‘_)“ii) w(t)
y(t) = Ce(l)

where z(t)eR¥, «, is given, and 44, 4,, ..., 4, and ' are matrices of appro-
priate dimensions.
It can easily be verified that the generating scries is given by

»
=Y yla)y=C (1 + Y Y oood4, Ay (v) - u,,;o(O)) 7y

il vzl ik, f=0

It can be rewritten as
P
G = (I+ Yy o4, 400 ®-u_in) T,
vE0 oy, =0
r
=18 (I—— h) A_iu,,;)®—1 Ty
§=0

A more useful expression of the generating series associated with 2, can
be obtained by means of scries development of the composition of analytic
functions,

Let us introduce the following notations. Let f, ¢: RY—RY be analytic
functions on RY ; L, will denote the directional derivative operator associated
with the function f defined by

~ )
L& -—21 1 F (f;=¢th component of f)

L,®L, will denote the tensor product of directional derivative operators
defined by

¥ o
Lioly2 ¥ fg =

i =1 ax,; 8373

Remark 2

The tensor product just defined is commutative and associates with two
differential operators of the first order a second-order differential operator.

Let us now define the following oporator
4 ! B2 . &
exp®sz‘5‘,314-131,4--2—'LJF +“‘+1?Lf Py,

where L;*?=L,@... ®L; (p times).
It follows from the theory of formal differential groups introduced by
Ritt (1951) that, given an analytic function A : RY-»R

ho(+H@)=4Ah), veeRY (4)

where |, denotes the evaluation at x.
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It is easy to verify, by the definition of A, that
Aj+g(h) = Ai®Ag(h) (d)

From (4) and (5), for any ucR, we obtain the following
u'ﬂr
Bpogull) =800+ 3 <5 Ar®LSMR) (6)

Let us now consider the initialized system 2, and suppose at first, for the
sake of simplicity, that the input # be scalar. Dircet computations lead to

y(0)=hi,,

y(1)=h o (I +]+u(0)g)(@0) = Dy ruioilh} o

y(2)=h o I +f-+uld)g)z,)= Ay s 0300
= Miutory © Dryutiglh) ix{,

yt+1)=4 .00 0 Atttz

Hence the generating series (3) can be written ag

Y= E y(t)=h|xu+ !é:l Ai;—yu-(l]l ... 0 Af+gu-(t-—1l(k)|zg (7)

£

By means of (6), the generating series {7) can be expressed as a series in
powers of the control u(r) at different instants of time 72>0. In this way
we obtain a ° discrete Volterra extension ’ of %, ie.

1—1 t-1
= E I:?-"'u(t)“‘ Z wilt, 7du(r)+ Z wolt, 79, TIU(T)U(Ty) + ...

tz0 T =0 T =0

-1
+ Yy WL, Tgy ooy TP (T) on w{Ty) + ] (8)

Ea.zn =0

where w, is called the ith-order Volterra kernel of the extension (8). [t is
not difficult to verify that the Volterra kernels can be expressed by means of
itorative applications of differential derivative operators and tensor products
of them ; the computation leads to

wo(t) = A;‘(k) |;Z!n

a

wy(t, Ty=A10A4,@L, o Af 1 Th)|,

A0 8,8, 0 A7 0 A,@L, 0 AFTHR) |, >,

wy(l, Ty, Ty) =

") T2= T3

1
5 A7 0 AL, 0 AL,
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In the sequel we shall restrict our attention to the first-order kernels ;
for this rcason we specify the development of y{f), £2 0, in powers of » up to
the term of degree [ We have

-1

yty= AR | + Zu Ao A®L, o AR | u(T)
+terms of degree > 2 in the control u(r), >0 (9)

Finally we note that when the input is p-dimensional, the same computa-
tion leads fo

t—1

y(ty=AMRY |, + Z Z A A,@L - AR | ()
+higher-order terms  (10)

3. Immersion of Z into a linear system

First let us give the definition of immersion, a concept introduced recently
by Fliess and Kupka (1983) with reference to a continuous-time non-linear
differential system, It will be evident that the concept of immersion is
limited to the capability of reproducing, by means of another system, the
input—output behaviour of a given one.

In the sequel we will refer to £ as the multi-input multi-output system
defined by (1), and

y{)=h;(z®), j=1, ... ¢ {11)

where ;: RY—R, j=1, ..., ¢, are assumed to be analytic.
Let X' be the system given by

dt+1) =20+ @ G)+ Z g (@ ) lt) (12)
()
¥ 0=k @), J=1 .0 2)=xeRY (13)

where 2'(f)—>RY and f: RYSRY,; ¢, RY-RY, i=1,.,p: &}
R¥—R, =1, ..., g are analytic functions.

Definition 1

Y is said to be immersed into 2’ if there exists an analytic map 7 : RV RY
such that at 2eRY and r{x)=x'eRY the initialized systems X, and X', have
the same input—output behaviour ; i.e. the two generating sertes at x and 2
coincide.

Remark 3

Note that the map ;. R¥—R¥’ is not required to be ‘ onto ’ ; this ensures
a richer input—output behaviour of the system X’ with respect to X, TIf 7 is
‘onto ’, then for any 2’eRY’ there exists at least an xeRY such that X', and
Y, coincide. This property holds true if £’ is controllable.

In the sequol we will give necessary and sufficient conditions for the
system ¥ to be immersed into u linear discrete-time system.
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Let us denote by # the vector space generated by the functions
oy Mgk, ooy By Ahg, ooy By Aghy,

Moreover f; will denote $he vector space generated by A;, Ay, ... .

Lemma 1
If # has finite dimension, say &, then

(i} a basis of § can be chosen as

Thgs ooos AR, By, ooy A By}, ooy By vy A2 R)}

U
where L + L+ ... +l,=k; ;20
(ii} each 8, has finite dimension, say &, i=1, ..., ¢, and

max {&y, ..., b} <k<ky +... +k,

Proof

Yirst consider the set of functions Ay, ..., k, and assume that the last
g—n, (n;<gq) can be expressed as linear combinations of the first »;. Then
By, --es by, can be assumed to belong to a basis of 8; consider now the func-
tions Ay, ..., A, (note that for all j>n,, AR can be expressed as a linear
combination of these functions), and assume, by means of an cventual re-
ordering, that the last n, —n, (n,<n,;) functions are linearly dependent on
Bty «oos By s Dfhye oo, &gk, 5 those functions can be assumed to belong to the
wanted basis of #. Consider now the functions A2 2y, ..., A2 &, and assume,
by means of an eventual reordering, that the last n,—ng {1, < n,) are linearly
dependent on Ay, ..., By, Ay, o Ak, AR Ry, o A2 R, those functions
can be assumed to belong to the wanted basis of 8. By iterating this procedure
at least L times, (i) is proved.

(iiy can be easily proved starting from (i) and performing simple changes

of bases. |

Theorem 1
- The system X is immersed into the linear system
#(+ 1) = A#{t) + Bu(t) (14)
(¥) |
y(£)=CE(E), &(t,) =2(0) =7, (13)
where F()eR¥, u(t)eR”, y{t)cR? and A, B and C are matrices of appropriate
dimensions, if and only if
(i dim 8=£&.
m A;®L, {y)| =constant, Vie{l, ..., p}, Vyel, YacRY

AI®L!J:‘.®"‘®LB‘U(}’)|$=O= Vv 2, %IT,,...,?:IE{L...,})},
Yy, YeeRY
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Proof

(&) Sufficiency.
as in (i) of Lemma 1.

8. Monaco and D. Normand-Cyrot

Suppose that dim #=F% and let us choose a basis for §

Let us define the application r: RY—>R* as

[ (hl)]x
At Ry,
F=r(x)= : (16)
| A Rg) |,
Under the application , just defined, X is immersed into X, with
0 1 0 O 0 0]
0 0 1 0 ot 0
av:.ll ............ art.ll ............... [ k—'1g+l ............... a-{cl
A= cRkxk
0 o a0 0 0 0 1 0 0
0 v 0 0 0 0 e 0 1
_alq ............ ahq ............... a'qk—lq—‘—l ............... ﬂakq (17)
[ b}.i |
bln:
b, = : eRFX1 i=1 .., p
bk—l?+1 i
bk'f. .
(1 0o 0 0 0 0 0
C- R eRvet
K 0 0 0 1 0
and
3 ta
Adihy= ¥ af AR+ Y ag,t A7 7Ry +
i=1 i=

+ % ab e A, i1 g
i=
b= AL, 0 AF Uy}, iE(l, g} JE(L by}

by=A,®Ly, 0 Aj-i-Gibetiend(hy), iefl, ... p}; jelk—l+1, ..., k}
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For, note that, with j#1, I+, ..., L+L+.. .+, and je{l,+...+6_,, ...,
L+...+1.}, we have

P
Anl®) =80 AFTH R+ B QL 0 A7),

=1
Fuy

=&+ Y wuby
=

Moreover, when j=I + ...+, r=1, ..., g, we have

»
Af+§u(£j) = Afir(kr)lx‘f“ Z ﬂ'-.eA/ ®ng o A;i‘ H”'“H’_l(krnm
=1

i=
i

= X 7 A h)at

A e
+ 'El ATy Aijd{hq”x'i' _Zl uibh+---+‘hf
j= =

(b) Necessity. Suppose that % is immersed, by means of 7: R¥—RY,
into the linear system X;. At xeRY and #=r(x)cRV the generating series
of ¥ and that of X/, given by

Ky
g= Y 04+ Y T CAbaa) (18)
150 a=0 iT1 Iz0
coincide by definition. Because CA% corresponds to Y Ad(h)|, in
[ =21} 1=0

(9), the condition (i} holds.
Moreover, the (gx 1) vector Y CA'b; associated with w,(x) corresponds

=0
to Y Ao AL, AMh)|, in (9). Hence for «=0 this last vector is

50
constant ; the terms in (9) corresponding to products of inputs of degree > 2
are equal to zero, and the proof is complete. [}

4. Immersion by feedback inte a linear system

The present section is devoted to the problem of modifing ¥ by means
of a feedback control law in order to let the modified system be immersed
into a linear system.  In order to selve the problem posed, we need to introduce
the notion of ‘index’ associated with each output channel of system X.
This notion is the natural extension to the discrete-time context of the
¢ characteristic number * introduced with reference to continuous-time differen-
tial systems (Hirschorn 1981, Isidori ef al. 1981, Claude 1982, Claude ef al.
1983).

T.et us associate with each output channel y,, i=1, ..., ¢, the relative
index d;, defined as the smallest integer such that

i) A®L, ®..-QL,, Af(R),=0, Yz Vr<d,
Vv, 1, ...6e{l, ..., p} (19
(ii) 3veN+ and a sequence %, ..., 7; such that

N®L, ®...QL;, Afih)|,#0, Yxeopen and dense in RY (20
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Remark 4

It can be easily proved by means of (10) that {=d,;+ 1 is the first instant
of time at which the ith output is affccted by at least one input acting at
time £,=10,

Remark 5
1f dim 6=k, then d,<k;—1, i=1,...,¢q. For, suppose that d;2k for

some i ; then
L]

j=1
and

Af®L9’av ®-.. ®Lﬂil'&fd‘ hi‘,

&y
= ¥ 0Ly, @@Ly, AFT Ry=0,
j=1 for all », &y, ..., t,&ll, ..., p}
which is in contradiction with the definition of d,.

Definition 2
% i said to be immersed by feedback into a linear system if there exist

analytic functions «; and 8;;, ¢=1,...,p, j=1, ..., p’, such that the resulting
feedback system, Xp with
¥ b
J=t+ ¥ agn §i= ‘21 9B 1=1 .., p (21)
i= i= .

i immersed into a linear system.

Lemma 2
(f) A" sagdB) =87 hy), O<r<d,, =1, .., ¢ (22)
(1i} A,‘+-thﬂ‘(®L(gﬁi;v ®... ®Lf§’8)glAff+2.z;gi(ki) - 0: i=1 3 e
Ogr<d,—1; Yo, Vig, ... 0,6{L, ..., p} (23)
Proof
(1) For »=0 it is true. Suppose it is verified for 0<r<d;—1; we have
Aff-rza;m A;‘r{k{)
1 L ocj,-n P 'le
=AM R+ Y Y B A®L,, @...

#El fa, o di=1

®L,, Af(h;)+ higher order terms
=A/+1k,) (because of the definition of 4}
(]_1) Af+2m|9(®L(Gﬁ:‘av®"' ®L(gﬁ}l|Arf+Eaiﬂi(k'i)

I

=, Z} _ Biviv -+ Biuiy(Dpi5aiq ®Ly, @... 0Ly, Af(hy))
¥
= E »81'v1'-v ﬁfl"-l(AJ’®L§f‘.®"‘®L011A1’f h =0,
o h=1 i=1,...q Osr<d,—1

because of the commutativity of the tensor product and the definition

of d,. [ ]
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Remark 6
It follows from Lemma 2 that each output index of the feedback system,
say d;, is greater than or equal to d;, i=1,...,¢; e d;>d, i=1,...q.

Lemma 3
Let d;< o0, i=1, ..., p. The smallest dimension of the linear system into
which ¥ can be immersed by fecdback is greater than or equal to max {d;},7+ 1.

Proof .
Suppose that dim §=7. Because of Lemma I, r > max {k,},%; because of
Remark 6, max {k; }lqzmax {d;h2+1; hence r>max {d}+1 or max fd,}<

r—1. Moreover, because of Remark 6, max {d }f;max {d; }1 ;  hence

r;max {d{}lq+l. [

Let us define the matrix {a; (@)}, i=1,....,q, j=1, ..., p, as
ayy(x) & A, @L, Afh;) (24)

Definition 3

Y is said to be 1mmerscd by feedback with full control into a linear system
if there exist «; and B, i=1,...,», j=1, ..., p’, p' = p, such that the resulting
feedback system is immersed into a linear one and B(z) has full row rank
(equal to p).

Theorem 2
Let d; <o, i=1,...,¢. X is immersed by feedback into a linear system if

() A®L, ®...QL, Afih)=0, i=1,....q Vv22
' by o 01671, ., ) (26)

(i) there exist d(x), {px1), and B(z), (pxp’), such that

Afz} - B{x)=M (a constant ¢ x p’ matrix) {26)

[ d+1 .
— AR+ Y Aty AR+
i=1

ds+1
+ Z adl L+ g1 —g— 1+£Af%_l{hq)

i=1

A@) - o) =} (27)
dy+1

~AAR R+ Yty AU +
1 ~ =

dgt1l

+ ,21 gyt e 10407 ()
=
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for a suitable choice of the coefficients a;;’; where

FProof

We shall show that under feedback defined by (26) and (27) the modified
system is immersed into a linear one. To this end let us denote by r:
RY¥—R" : x—& the following analytic map

@)= (hy, ..., ARy, o By, o AfRYY |,

g1 &1 % s '
={E L s Tl e ES s Bg )

where the vertical bar | denotes evaluation at x.
It follows that

M) =y |pny = Ap(k) [z
= AR}, (because of the definition of d,)

flrhﬂ(t +1)= Afh by |;cu+n= A_;”"Adl(hl) i:r(t‘]

»
=AM Ay ) | iy + Zl A @ Ly ARy | i (because of (i)

by P
= ARy} [+ El (ors(2) + _Zl Bi1) Ay @ Ly A (hy) |
= i=

4o+ 1
= 3_;1 g 11,08/ 7 R et
Ig+1
+ _El a']d1+1,d1+...+d,,_1+q—1—iAf£_l(hq)EE(F}
. r
+ Y myw;  (because of (ii))
i=1

E 2+ 1) =Ryl pirny = Appzg (o) = 2 lh) e
gt +1)= Aft YR pirgny

»
=At R ) o+ Y, w,A@Ly Alu(k)| .y (because of (i)
i=1

i+l

= X e A )+

T+ 1
+ ,21 @ dyy i dgra-1eD7 e 2o
P

*
+ ¥ my;  {because of (ii))
F=1
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and the linear system into which X is immersed assumes the form
0 1 0 ... il 0 ... g ... 0 . L ]
0 e, 0 1 0 ol 0 . 0 0
a-ldl_i 1,1 ceereemeeeeeess a-ltal+_1’d_l,{_1 ................................. aldl_l 1Ln
0 0 01 o .0 L 0
0 e 0 0 oo IS S 0
B2 fdoia s eeeeeeeeens a? L ) LL e eerveetseenaen e a? .
i AR PR ] . di-dz 2,y 1L AR X " d1+da2+2, 0
0 e 0 O o 0 1 0
0 e 0 R 0 .. 0 ... 1
T e s at,, i
(28')
- o 0 -
0 0
Mgy iy,
0 O
0 0
B=|my Mgy’ (287)
0 .. 0
0 0
[ g oee Mgy ]
1 © 0O 0 0 0O ... 0 L 0
0 ... o1 0 ... 0 ... 0O ..
= : . ! 0 0 0 {28™)
0 ... 0 0 0 0 01 0 0
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We note that if the functions {hy, ..., A&(Ry), ..., By, -, A%(R,)} generate

a finite-dimensional vector space over R, then sufficient conditions for the

immersion under fecedback are expressed by (23) and (26) with (27) satisfied

with a(z)=0. Moreover, this hypothesis of finite dimensionality is equivalent

to agsuming that at least for an index ke{l, ..., g} there exists I, <d such that
d

Ie
Afein(fu) = 3 ek Adlha) 4ot el A+

i=

dq
+ ¥ e2n Afhy), VYazl
i=0

Following Clande ef al. (1983), let us define with respect to the linear
system Z; given by (24) and (25)

i
V& ) qdl, i=1, ..q
i=1

g n—-1
JEN N ¢d
0

i=1 4=
where ¢, denotes the ith row of the matrix €.

Note that the linear system X, with matrices given by (28) is such that
the unobservables .# coincide with the intersection of the subspaces ¥,
t=1, ..., ¢, in particular in this case # = {0}. Theorem 3 shows that conditions
(i) and (ii) of Theorem 2 are necessary for the immersion with full control
into a lincar system which enjoys the property mentioned.

Theorem 3
Let d;< oo, i=1,...,¢; then the conditions (i) and {ii} of Theorem 2 hold
if ¥ is immersed by feedback with full control inte a linear system such that

¢
(i) N vy.=+
i=1
Proof .
By hypothesis there exist a(z) and p(x) with full row rank such that
(i) dim §=k> max {d;}+1

(11) At 300 ®Lgm A" 120 () =117, k=1,...,p; =1, ..¢ ¥n
(i) Arizr®Lgp, @ OLyp, Aisy g, () =0, =1, ..,4g
Yv22: ¥ry i, bl L 00
When r,=d, we have
(11) Af+):deﬂ'1®L(g,&’?kAd;I+Ea.-y((kl)=cki

(Temma 2)

= Af*hwi®L(Uﬁ]kAld;{kt)
i)

= _21 BjkAf+):.zggi®ngAfd£(hI)
§=

i

L4 P
_Z} Bid A @ L, Afrlhy) + Yy
F=1L

a=1 Erkim. 2ke=1 fgp. ..., A=l

. nkl B s nka
w e 0 The WA @ L, O ®. @L, Pme®@L, AAR))  (29)

e by !
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(iii) Ai—!—zs\‘..ﬂi ®L(Q‘ﬁ]|v ® e ®L{Q’ﬁ}(1 Adl]+£aig((kl) = 0

{Lemma 2)

b
= Af+£,g_igi ®( . 21 Bj“{"’LﬂJv) ® fan
=

®( E B.‘flilLﬂn) Afdl{hl)

fi=1
¥y
— I3
. E 1 le‘i:l e ﬁfvivAj‘i‘zaig(@Lgiv@”' ®L§"J[Af l(kl)
My s b=
b4
= Y B Biadd®Ly, ®...®L, Af(ky)
F1y =1
" i oc,-m""”f; e @kanka'
a=1 ki=ke>..2ko=1 Regy .o Brg=l n,r“! ---??fk_,I

b4 A_f ®Lﬂ'k1 ®nk1 ® e ®Lﬂku®ﬂka ®ngv ® - ®LUJ| A!di{kt)] =1{ (30}

Notice now that for any choice of {j,, ..., j1} j{l, ..., 2} =1, .., v,
there exist s, ..., $,eN such that

8y
L, ®..0L, =L,®*"®...QL, %>
Define now
E(sy, e 5) £ 8,01, 19... O L, 5 Aftilh)
80 that

(=P .. (=)o
E(sy, -0 8,) = p;al o Bo=5)

Py =dp

x[E(;pl, coes D)

»

iy X ¥ E(nmpv...,nk,,wp)]

ozl Br.oomhbe=l Regp e Reg 2l

Equation (30) being verified for any vz 2, 4y, ..., i,€{l, ..., p"}, it follows,
from the full row rank of B, that any term in (30) (for any choice of j,, ..., j,€
{1, ..., p}) is equal to zero; hence E(s,...,8,)=0 for all 5,20, i=1,...,p.
Equation (30) being verified for I=1, ..., », the conditions (25) hold true.
By considering the equality (29), because of {25), it follows that condition (28)
is satisfied. -

As far as (27) is coneerned, first of all note that beeause of (26) and the
full row rank of @ it follows from (29) that d,=d;, i=1, ...,¢. Moreover,
condition (i), for the linear system into which Xz is immersed, implies

i dq
aABl="Y glcAdi+. .+ Y afc A’
i=0 im0
Hence

&, dq
AR =AY = T ad Ajih) ..+ Y agAfhy), I=1,..,q
i=0 1=0



260 S. Monaco and D). Normand-Cyrot

Finally it follows from Lemma 2 and conditions (25) that
Apitihy) = ApA S by
I
=8/t Y ab @I Ak T=1 g

Recalling from Lemma 2 that Afik;)=AgR;), j=1, ..., p, for all i<d,
the last two equalities imply (27). |

Remark 1
'We note that an algebraic condition equivalent to (i} of Theorem 3 is
that there exists a basis for § chosen as in Lemma 1 such that ;<d,+1;
t=1,...,q9. It iseasy to verify that this assumption, instead of (i), implies (27).
As far as immersion by feedback into a linear controllable system is
concerned we have the following corollary,

Corollary 1

Assume that d;<oo0, ¢=1,...,4. Properties (i) and (ii) of Theorem 2
and the full row rank of M (in (26}) imply the immersion by feedback into a
linear controllable system. The immersion by feedhack with full control
into a linear controllable system implies (i) and (ii) of Theorem 2,

A particularly interesting situation happens when % has the same number
of inputs and outputs, p=g, and A(z) is invertible. Under those hypotheses
condition (i) of Theorem 2 is necessary and sufficient for the immersion by
feedback into a linear controllable system. More precisely we have the
following.

Corollary 2

Assume that ;< oc, i=1, ..., g and that A(x) be invertible, X is immersed
by feedback with full control into a linear controllable system which enjoys
the property {i) of Theorem 3 if and only if the conditions (i} of Theorem 2
ave verified.

Proof
The necessity follows from Theorem 3. As far as the sufficiency is
coneerned, let

kl ‘%11 z'l.
Afdl'(hl) g,
rlx)=F= = =
kq e
A e (#0,0) Lz
the feedback defined by
Ble)=[A()] @b
E
— &gt Y etz
o :
a() = [A(2)]* 5 (#2)

Ko
— Tyt E @ z

pe]
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q
where k= Y d;+g, satisfy (26) and (27) for any choice of a}t, i:=1, ..., &,

i=1
I=1,...,q9. The resulting feedback system is hence immersed into a linear
system defined by (28) which is controllable for the assumption M =1 in (26).

It is interesting to note that because of the arbitrariness of the coefficients
;' in (32), this choice can be performed in order to satisfy any design require-
ment by means of assignment of the dynamies.

In conclusion we note that by choosing

a1
— &gt _El a;t &
i=
wfe)=[Ax)]? ; (33}
det1
~Zan+ Y alEf
i=1
the system into which ¥ is immersed by feedback defincd by (28) results to be
input-output decoupled {i.e. each input channel u, affects only the corres-
ponding y, output). Moreover the dynamies of each input-output pair can
be arbitrarily assigned. Hence the feedback defined by (31)-(33) makes the
non-linear system modified by feedback decoupled, with any linear dynamies
possible for any input—output pair,
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