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Introduction

The functional output controllability, which
concernes the control of the output of 1 dynamical
system over an interval of time, was firstly studied
by Brockett and Mesarovic in [1] where the authors
developped an algebraic test condition for the
class of linear, finite dimensional, dynamical svs-
tems.

The functional output controllability of linear
finite dimensional dynamical systems, which turns
out to be the dual property of invertibility. was
subscquently investigated by Sain and Massey in
[2] and Rosenbrock in [3].

A similar concept, that of perfect partial output
controllability defined as the capability of repro-
ducing by the output of a dynamical system a class
of trajectories belonging to given oulput sub-
spaces, was studied by Basile and Marro in [4], [5].
The approach developped therein is based on the
concept of controlled and conditioned invariant
subspaces. Following a similar approach, more
recently Basile and Hamano in [6] introduced and

studied the concept of order of controllability lor
the output of a linear dynamical system; the order
of controllability turns out to characterize the
rapidity of the possible cutput movements.

The aim of this paper is to study the notion of
functional output s-controllability introduced by
Hiris and Megan in [7], and by the authors them-
selves in [8]. for the class of linear differential
systems on Hilbert spaces. The notion of [unc-
tional output e-controllability turns cut to be a
slight generalization of the functional cutput con-
trollability in the same way as the ¢-controllability
is a generalization of the notion of controllability,
[9]. The functional output e-controllability is re-
lated to the capability of the input to drive the
output as close as possible to any fixed output
tryjectory belonging to a given functional space.
This notion plays a central role in many control
problems in particular when a fixed class of out-
put-trajectories is fixed and constraints on the
admussible input functions are given.

In this paper a first sufficient condition is given
for the functional output e-trajectory contrellabil-
ity when no other constraints on the input and
output functions are assumed but the finiteness of
the associate energy. We like to stress that the
main difficulty to state the result here presented is
due to the fact that no special assumptions on the
dynamical operator are assumed.

Some interesting results on the subject are given
in [7] where the dynamical operator of the system
is assumed to be bounded.

The paper is divided into two- sections; the
following one contains the preliminanes, the sec-
ond one is devoted to present the annocunced
result.

1. Preliminaries

We will consider linear control svstems de-
scribed by
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i(t)=Ax(2) + Bu(z), (1.1)
y(r)=Cx(1), x(0)=%, (1.2)
where

x(ryedit s w()edl,: y(r)ei,

with 'K, 3C, and 3, separablc real Hilbert spaces
endowed with inner products and norms denoted

['s ']m ['1 ]I

i l_\" | |u“ | |_s'

respectively. A: ). — J(_is the infinitesimal gen-
erator of a strongly continuous semigroup of oper-
ators {I(¢t}, 20} B:H,— K and C: K - K,
are bounded linear operators. '

Moreover we will denote by W, the Hilbert
space L, ([0, T'); 3, ) endowed with the usual inner
product

Lo, 91wz 2 [T[o(0). 9 ()] ds (13)

and the associate norm denoted by | - ff ;..

It 15 well known, [10]. that under the above
assumptions the equation (1.1) has to be inter-
preted as a representation of the following integral
equation;

[x(¢),a]l =[%.a] +fr[x[s), A*a] ds
0
TBu(s), al ds 14
+ [[Buls),a] ds (1.4)
for +€[0, T] and any a € “}( A*) {the domain of

the adjoint 4* of A). Moreover any solution of
(1.1y in W' is a solution of the equation

x=x,+ Lu (1.5)

where

xo(t)=I(1)%, (1.6)

L: W] — W] is defined by y = Lu:

y(0)=[T(1=7)Bu(7) ar, (1.7)
0

and the integral in (1.7} has to be interpreted as a
Pettis integral, [10].
Let us now give the following definition, [7,8]:
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Definition 1. The linear operator T: '}, — J(,. %,
and (., separable Hilbert spaces, is said to be
s-controllable in y € ), if for any e > 0 there exists
z, . €, such that

HTZe1_y||‘D\‘,_{£ (1'8)

It will be said to be e-controflable il 1t 18 e-control-
lable in any y € },. Morcover we define 7 to be
controliable if (1,8) 1s true with e = 0.

In the sequel when T=CL: W/ - W' L de-
fined by (1.7), we will refer to the controllability
property of Definition 1 as functional output e-
controllability of the system (1.1). (1.2}.

2. Main result

In this section we state the announced result
about the functional output e-controllability of the
system {1.1), (1.2). At first let us consider the case
of finite dimensionality of . say ¢. so that C can
be represented as '

¥

."zcxzzaf[x~'?i]ﬁbi (2.1)

=1

where {¢,}7 and {¢,}{ are orthonormal bases for
K, and ¥ respectively.

With the introduced notation, and denoting
N(C)c 3, the null space of the linear operator C,
one has

N{C)=span{g,,i=¢g+1,¢g+2,...}. (2.2}

Let us denote by #: K — 3, the projection oper-
ator on N(C)*: the orthogonal complement of
N(C); one has:

q

mx =3 [x. 9]e. (2.3)
i=1
Finally let us denote by ¢ , and 4. the reacha-
ble set and the set of unobservables of the system
(1.1), (1.2} respectively; one has

@2 U I)BY, (2.4a)
[2=3]

and

G 27U IO, (2.4b)

t=0

where the bar stands for closure and L for the
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orthogonal complement.
Under the above positions:

Lemma 1. Let (CBY* be the adjoint operator of CB.
If CB(CBY*: K, =K . is full rank, then the linear
operator CL, I/VJ ]t, gicen by

y=CL__‘u=deT(A—T)Bu(T)dr (2.5)
_ 0

(i) has the decomposition

CLy=ZW, (2.6)
with
W,: W2 — 3

WWr=1 in¥;

Zy K — K. positive definite

and selfadjeint

(i1) is controilable for any A > Q.

To prove (i) let us consider the polar decom-
position of {CL,)* [11], given by

(CL)*=U,-Z, (2.7}

where U, ; W, — W2 is a partial isometry, i.e. UFU,
is a projection on I ; and Z,: 3, -}, 1s non-

negative definite and selfadjoint.
It follows that the operator CL{(CL)* K, —

H

=

CL{CLy)* =f:CF(A —7)BBAI(A ~ 7)C* d7,

has full rank. For, suppose the existence of y € X,

such that
[ g
B [erssr(cap| =0
0 M,
3
- f ICI(2) Byl dr =0
0
Then CBy = 0 which contradicts the hypothesis.

Since

CL(CLy)* = ZUtU,Z,

is a full rank operator and LU, a projection on
K. it follows that

Urt, =1 (2.8)
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and

f

A} £ min | eigenvalues of
deF(t)BB*F*(r)C* d:} 0. {(29)
i

(2.7, (2.8) and (2.9) imply the existence of the
decomposition (2.6} with W, = L.

To prove (11) it is sufficient to note, from (2.9),
that

i[:f;cp(r)BB*I‘*(r)C* dt)_lin\-',. X_?m

< 0o,
Hence the mput function
u(7)=B*r*A—r)c*

: (f:CI‘(g)BB*F*(g)C*dg) s

which satisfies (2.5) for any yE‘JC_,_, belongs to

w2 0O

Theorem 1. The system (1.1), (1.2) has the func-
tional output e-controllability property if there exists
a bounded linear operator P+ X — K, such that:

(2.10)
(2.11)

(i) CBPP*B*C* is full rank,
(i) ( =7 )R 5 C Y
with V.., and 3. defined by (2.4).

Proof. First of all note that the linear operator
Cly p W29 , given by

= [(*cr(a-r)BPu(r) dr
0

(2.12)

satisfies the hypothesis of Lemma 1; hence it is
controllable for any A > 0. Moreover CL, , admits
the decomposition {2.6);

CL, p=TiV, (2.13)

with Vi WA =90 Ve =Tin 3 ; T,: %, — ),
posltw(, definite and selfadjoint. !

Let {¢?; i=1,..., ¢) be an orthonormal basis in
JC,, such that 7:1‘;5" Mg and let us introduce the

]mear bounded operator J,: ‘}C_v — W2 defined by

Py b fh]_v

=1 J‘

VEg? (2.14)
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where ¥ denotes the adjoint operator of ¥,. The
boundedness of J; follows from

1
Iallws < ¥l

Af}..a..
with A} defined as in (2.9) with respect to C/., .
Note that
CLy pdyy = TVody
‘[, i ?],
=T, 2 ——— Vet =y
i=1 y
Hence
CLy pJs=1, (2.15)

so that J, y 1s the input which forces the output
from zero to y at the time &.

Let us consider the decomposition of the time
interval [0, T,

{t,=0,1...... t,=T3,

H
such that

T
AL —=¢ —

y LT i=1....,n.

The proof will be achieved as soon as we prove
that for any given & > 0 there exists a partition of
the time interval {0, T'] into #, subintervals of A,
amplitude and a sequence of input functions, de-
fined on each subinterval, such that the corre-
sponding output function differs for less than &, in
the W norm, from the fixed one.

At this end let y € W be a uniform continuous
fixed output trajectory on [0, T]; this choice does
not imply loss of generality because of the densern-
ess of the uniformly continuous functions in W/
Now define the sequence '

x*(0) =0,
X*(ri—l + 3) = r(e)x*(rr—i)

+ Lo (¥(1,) = CT(A)x*(1,_)).

(2.16)

which has the property
Cx*(1,) = Cx*(t,-, +4) =5(z,).
Let vus define the input sequence {u,} where
urr(’) éjd(y('ta) - C‘r(‘d)‘x*(ri— 1 ))({)‘

re [t 1)

316

SYSTEMS & CONTROL LETTERS

February 1983
We will show that for any given &> 0, there

exists &, such that for any N > N, one has

Iy —yullpr <e

where y is the fixed output function and y, 1s the

output corresponding to the input u,,.
We have

- r
Iy =l = () = pu (DI e

N

_Z SO0 = ()2 de

i=1"t

-

f”"(f  H8)— Cl(g))(*(ffq)
i=1

—CLy I (¥{1) = CT{8)x*(s,_

42]”" o +8)—

i=1

+4 Z f [BZEANY!

=170

OIS dé

y(z,_II% de

- CI(8)x*{(z,_ )| 4@

+4Ef|rcLe,JJ(m(r) y(5_ I a8
i=1

+4Ef||(—"a;~]( (4,2

= CI{A)x*(r,_)))i5 d8. (2.17)

We will now examine one by one the four terms
in the last inequality of (2.17).
For the first term we have

4Zf||} o8 -yl Iide< g (218)

i=1

as soon as we choose 4 £ 4’ small enough in order
that

Ve
||y(r)—_v(r)ll.-<ﬁs (2.19)

[t — 7| <A
The existence of such a 4’ is assured by the
uniform continuity of y in [0, 7). Hence (2.18) is
true for any N = T /4",

As far as the second term is concerned we have

N

4T [he =)=,

i=1

Il dé
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—4Efucu—r(9nwx*(r,- )

i=1

+ (1= (8)(] = m)x*{(z,_ )l 48
_42’]”(* (1—1(8))wx*(¢,_ )3 d8 (2.20)

=170

where the last equality holds because of (2.11).
Moreover,

LfE

i=170 | k=1

a [(1=T(8))mx*(1,_ ). o4 ]

q
Z“ﬁ[(f”r(g])'ﬁx*(fx Dol 8| d8

i=1 ¥

:4_2 > akj‘;dl:(f—F(e))ﬂX*(Ii—-l)’qjk]i'dg

(2.21)

where we have used for the operator C 1is repre-
sentation (2.1).

To go ahead we need to state the following
properties:

(A) Wos pdalleae, a0, <M < 00, (2.22)
(B L, JC=nm. (2.23)
{A) follows from
HLa pdallecar
= sup i1y pJs¥lls
| ¥li=1
= sup

[¥1=1

A= )(7) drl!

j-d +)BP Z [}’ (PA]

k=1

5
< sup f WCA — T lecw, sc 18Pk, 50,

firli=1

A

D> { ;ek] v ), dr

k=1 I3

<M, Z Ajfn () (I, dr
<My A{A (2.24)

with M a suitable constant. For the last inequality
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we have used the Schwartz ineguality,
Taking into account that

()
lim ———— =

1
= lim — {minimum
a0 A

a.0d
eigenvalue of CL, o L3 C*)}
= minimum eigenvalue of CBPP*B*C* (2.25)

which is greater than zero because of the hypothe-
sis, and that A7 is continuous with respect to 4,

the existence follows of

sz
a=min —— . (2.26)
A=T a
hence the existence of the upper bound M.
(B) 1t is enough to note that from (2.15) it
follows that

(L.ﬂ,PJAC)z =L, pJiC. (2.27)
That is, L,JC is indempotent and hence a
projector which coincides with # as can be easily
verified.
Let us go back to (2.21}; first of all from (2.16),
we have

i—1

mx*{1;) = W;Zo [(4—m)T(A)) Ly wds (1)

=l JY(1). (2.28)
so that
fx* (e ), < My (),
< M|yl é (2.29)
Hence
q

)1 =T(8))*¢, ]} d8

42 foff [‘T’l

i-1 k=1

¥ Zaﬁszn I-1(8))"¢]id

=1 k=1

N if
<4y Y a2MA- sup |[(I-T(8))"¢l2
i=1 k=1 #e=]0,4]

q
=4TM? 3 ap sup (4 —I(
k=1 #=[0,4]

8))*gullz (2:30)
which is less than e/4 as soon as we choose 4 < 4”7

37
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small encugh; the exastence of such a A” is assured
by the strong continuity of the semigroup I™.

We have so proved that the second term in
(2.17) is less than £/4 as soon as we choose
N” = T/4".

As far as the third term in (2.17) is concernad
we have

4Zf||cupau y(1) =p(1,_ ) d8

i=1

4Zsupn»(r,-.+d) v DI

=1 i

4 3
ICLe R T 0 48 (2.31)
Moreover 1t results
A
f||CLa.PJJH%(ﬁcU.fK.,.)dSg-Ma*’-"- (2.32)
0
For,
NCLy pallegsc,
= \up |i(,L,”J v,
1l
e
= sup 1](7[(9—1’)31’
||v||=11 0
NN |
E (Vg Xr) d"'E
= k il
C|[|BP|
< I _Z Lize (N, ar
BICINBP| 1.2
{*qu . (2.33)
where
B=sup X Mepse, -
re|0,7]
By substituting (2.33) into (2.32) onc has
4 2
JCLy Il v, 06
B Bl g ;
Z—X'J-Q—AZ < MA (2.34)
where

_ BAICI?ItBP|’q’
2a !

with & given by (2.26).

;'W_-g
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Finally, by substituting (2.34) into (2.31) we
have

4N sup [ly(#) —y{T))3 M4

|t =]l

=4TM; sup ||y(2) = y{7)il;

r—r|=d
£

<= 23

< (2.35)
as soon as we choose A < A” small enough in order
that
() =, < s

] r p—. }’ . -\-..‘_ —_—

A AT M (2.36)

ft—7|sd™.

The existence of such a 47 follows by the
same arguments as in (2.19). Hence for ¥ ™ =
T/AA™ (2.35) 18 true for any N = N ™.

As far as the fourth term of (2.17) is concerned:

»s JICLe

i=1

- F(A]] Wx*(ti—t}”_% dé

<a ¥ |ClI- r(@)mer(s, 12

i=1

A .
j(; ||(La.PJ-_1||§f:3rl.-.;t'._;d‘9

< 4M, Z Mclr—riAy=1x,. I?

HE|

= 4M, Z‘j Z a2 [(I-T(ANmx*(z, ). ol

i=1

=4M, ZJ E a;\[r\ (z,_),
(=1 )*¢5]2

M o

<AM, Y A Y apllmx(r,_ )2

i=l k=1

07— T{AY) e,

o
<AMMIT Y of|[(f — T(A))*q,ll;

k=1

(2.37)

which is less than ¢/4 as soon we choosc A £ A
small encugh; the existence of such a A’ is assured
by the strong continuity of the semigroup I™,
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Hence the fourth term in (2.17) is less than /4 as
soon as we choose N = T/A™.
By choosing

N o= max{ N, N* N " NV}, (2.33)

(2.1 holds forany N = N, D

Remark 1, Note that a necessary condition [or
(2.1 to be satisfied is that CBB*(C* is full rank.
Under this assumption a sufficient condition for
the functional output e-controllability is that the
null space of C coincides with the unobservables,

Remark 2. Another condition which assures the
functional cutput e-controllability is that for some
P satisfying (2,10} it results

RpCM(C) .

The result stated by the previous theorem can
be extended to the general case of an opecrator
C: N, —» W, with J{, an infinite dimensional
Hilbert space, represented by

o0

y=Cx= Zak[x‘%]‘:{’;.--

i=1

(2.39)

In order to state such a result we need the
following preliminaries. Let {A, )7, be the se-
quence of projectors with finite dimensional range
space. increasing strongly to identity, given by
Any: E [y!libr']liba' (240)

i=1
and denote by {7}, the family of projectors of
3, into the orthogonal complement of YL(A,C)
defined by

"

ax= 3 [x.9: 0¥, n=1,2,....
k=1

(2.41)

Definition 2. The system (1.1), (2.39) and the cor-
respending forcing operator £, will be said to
satisfy the C-property if the following conditions

are verified:
L. C’BB*C’* has dense image in "I, (2.42)

2.(1—m )Rz 4. for some i < co. (2.43)

We can now state the announced result:
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Theorem 2. The system (1.1), (2.39) satisfies the
Jfunctional-output e-trajectory controllability if the
forcing operator C: W, — W, defined by (2.12),
satisfies the C-property.

Proof. First of all note that for any fixed y € W7
and & > 0 there exists an N, such that '

N
K & Z [}’, \bf]\bf

(2.44)
i1
has the property
£
Ny =rullwr<3. YN>N,. (2.43)

The proof will be achieved as soon as we prove
the e /2 controllability of y7, N = N,. Let us choose

¢ =max{N, 7} (2.46)

and let us consider the operator C”: 3, — (7
given by C”" = A (. Tt remains to show that The-
orem 1 holds with reference to the [inite dimen-
sional output operator C”. For, observe that (2.42)
implies

C"”BB*C"* has full rank (equal to ¢). (2.47)
Moreover from (2.43) one has
(1-7,)R,c(T-a)R,C8.C 4. (2.48)

Hence the hvpotheses of Theorem 1 are satisfied
with reference to C” which concludes the proof.
0]
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