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This paper studies the controllability of the trajectories lor the class of linear perturbed systems whose state space is a separable
Hilbert space.

In particular it is proved that under quite general assumptions the controllability of the lincar part of the system (unperturbed
systern) assures the controllability of the whole system.
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1. Introduction

This paper deals with the problem of studying the controllability of the trajectories for a class of
nonlinear systems whose state, input and output spaces are separable Hilbert spaces.
More precisely we will consider linear perturbed control systems described by

#e)=Ax(e)+ Bule) +g(x(e),uls}). x(0) = £, {1.1)
where x(t) € X, and u(#) € I, X}, and J(, being separable real Hilbert spaces with [-,-],,[+,-], and ||,
||, the inner products and norms respectively. Moreover, 4 is the infinitesimal generator of a strongly
continuous semigroup of operators {I(¢), 1=0}; B:3, » X, is a bounded linear operator; g: I, X
JC, = IC, is a perturbation term which satisfies the Lipschitz conditions

Ig(xls“)_g(xzyu)lxE“‘:Klﬂulu)ixl_xztx’ (1‘2)

lg(xaul)_g(x,uz)fx*;Kz(|x| Nuy =3, (1.3)
where X (Ju| )< K |u},, K5(|x|,) <K |x|, and g(0,u) = g(x,0) = 0, for any choice of u € I and x €°

We will assume the Amput and the state to belong to the real separable Hilbert spaces W,
Lyi0,T); 3,1 and W = L,[(0,T); IC,] respectively. In the following we will denote by |}- || w and || Hppe

the norms in W/ and W respectively.
It is well known [1] that, under the above assumptions, the equation (1.1) has to be interpreted as a
representation of the following integral equation:

[x(£).4] =%, a]+f [x(5),4*a] ds+f Bu(s ).4] ds*f [ (x(s),u(x)).a] ds (1.4)

for t €[0,7] and any « € D(4*) (the domain of the adjoint 4* of 4).
Arguing as in [2] it is easy to show that any solution of (1.4) in W is a solution of the equation

x=xy +Lu+ G{x,u) _. (1.5)
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and vice versa. We assume that:

~x,(1)=T(1)%, (1.6)

- L W] — W[ is defined by

y=Lu; y(:):[)‘r(:—T)Bu(T)dT, (1.7)
- G: W X W] —» W] is defined by

2=G(x,u); z(t)=fOII‘(t—1')g(x(T),u('r)) dr. (1.8)

In the sequel we will study controllability of a system described by (1.5). Section 2 concernes with the
existence and uniqueness of the solution for the equation (1.5). In Section 3 we state some preliminary
results about compact linear operators. On these bases, we give our main result on the preservation of the
controllability property once the perturbation term js added to state equations of a linear system (equation
(1.5)), provided that boundedness conditions on the perturbation term are verified.

The results stated, as will be clarified in Section 3, concern mainly trajectory controllability.

In the opinion of the authors, trajectory controllability, which seems to have a central role in many
control problems, has not been sufficiently investigated even for finite dimensional linear systems.
Moreover. such a kind of controllability appears to be more adequate when a functional analysis approach
is used.

2. Preliminary results
As far as existence and uniqueness of the solution of (1.5) is concerned, we can state the following result:

Theorem 1. The integral version (1.4) of the system (1.1) under the assumptions (1.2), (1.3) has a unique
solution x € W for every u€ W

Proof. As we have observed, it is sufficient to prove that (1.5) has a unique solution in W7, At this end let

us consider the following chain of equations:

X, =xq+Lut+ G{x, ,u). (2.1)

Mt
First we will show that {x,} is a bounded sequence in W7
Ix, EV‘T = 2|lx, + Lutl%,,:- +2G(x,,u)l f,,_;

2
< 2llxy + Lullir + 2fTUIF(i ~1)g(x {7),u(7))dr| d:
* o 1Yo x

2
<2llxg + Lull3r +m?xlf[ﬂu(f)iu|xn(7)|xdr] d
x . U U
T
< 2l xg + Lullfyr + 2MK 3 lulr x5 de (2.2)
]
where M = sup, ;o 71| T(#)] (5,5, and the Schwartz inequality was used.
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By iterating (2.2) we get
n (2MPK 2wl T)

Il3"7n+1" T <23
=0

n (2M2K Nl T)

m Hxo + Lullj,r

<2lxo + Luldy 3 Y S PLETS I T [
X5 ullyr - ullyr xolprr——y
P il W, [T (ﬂ‘f‘])!
w1 (MK a2, T)
<[2lxg + Luliyr +ixpl}] 3
i=0 '
< 2lxg + Lullfyr + lixoll3r) exp(2MK Il ull}, T)
= a(leoll wrillall e, T) < 00 (2.3)
Next we will show that x; is a Cauchy sequence.
||xn+p _xn” T_ “G( n+p ],H) G(x L 2 wl
< [ [ 0= )8t () () ~ gty () )] de| i
<MK ulldr [ 113y = X0m I de. (2.4)
0
By iterating (2.4) and by (2.3) we have
- b b nT" :
15,1 ey = Xy by < (MK Nl ) - lx, = xo 117
(MK ald, T) _
< pe (2lixoliZs + 2alllxgl yrliul, 7). {2.5)

Whl(.h goes to zero for n going to infinity. Now, because of the completeness of W, the limit is well
defined:

x= lim x, (2.6)

=

which is the announced solution of {1.4) as can be easily verified taking into account the continuity of G
with respect to x.

It remains to show the uniqueness. At this end let x and y be two different solutions of (1.4); then we
have

T
llx—yll3 wr = 1G(x,8) — G(y, u)llwrﬁ.ﬁK3M2||u|| fllx—yllfﬂdt (2.7)
0

which implies by the Gronwall inequality || x — y|| f,,xr =0, ie. the uniqueness of the sofution. [
Remark 1. Note that the above theorem remains true if K {J«|, )< N

Before studying the controllability of the system (1.5), let us observe that the controllability problem for
linear systemns can be reduced to the problem of ‘controllability” of a linear operator.

To be more precise, let us introduce the following definition:
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Definition 1. A map T:3, — 3,, I, and I(, separable Hilbert spaces, is said to be e-controllable in
y €K, if for any e >0 there exists z, , € 3, such that

-iIth..V—yII;,L—_Z<£, (2.8)

while it 1s said to be e-controfluble if (2.8) holds for any y in H,.

Note that when T:L,{(0,7). K ]— 9, is the input-state map of the unperturbed linear system
associated to {1.5}, Definition 1 restitutes the well-known e-controllability property [4,5]. Moreover, when
I, =R? and K, =R" e-controllability is equivalent to exact state controllability. When 7': L,{(0,7'); 3(,]
— L,{(0,T)3,]. even in the finite dimensional case, it is necessary to consider the e-controllability
property. In the sequel when the range space of the operator T is L,[(0,7); ] we will refer to the
controllability property of Definition | as e-trajectory controllability.

The following result, quite interesting by itself, will be useful for the analysis performed in the next
section.

Lemwma 1. Ler I, and 30, be real separable Hilbert spaces and T30, — 30, a compact, e-controflable, linear
operator. Then given € 2> 0, for any compact set K C 3, there exists a continuous linear map §.: 3, — 3,
such that

ITof x—xlly <e VXEK. (2.9)

Proof. First of all let us consider the polar decomposition of T=L-¥, where L:%, — I(, is a compact
self-adjoint operator and ¥:3(, — J(, is a unitary operator (V'V* = V*J' = I'). Moreover, we will denote by
{#;}, i=1,2,... the eigenvectors of the operator TT*, which constitute a basis for 3(,. For any x € X, and
for any given ¢ >0 there exists a 8, such that

S b N 8
e 3 tde (2.10)
i=i ,/_+6
verifies the e-controllability property in x, For,
= [xls,
I7(0) — 5l = 3 1~ ool
j=1 ]f-'IA‘- + 6&: 3 IJ{-_2
5 be |
=2 [xslf),-]%c: E—
=1 ]fha + 8(..(
N, ' 2 - 5 2
= S leell = |+ 3 [reli| ==
i=1 L"')\; +3,, i=N — | vA; + 4
Ilx 112N, : _—
l'l min i=N,+1

where A, = min{A, i=12,...,N_}. Choose now N, large enough so that the sum is smaller than ¢ and

2 e1."|Amin

e = - 2.12
o (2.12)
Let K be any compact set in J(,; then there exists a finite cover of K by e-radius open spheres:
N
KC 3 8(x;,ke). : (2.13)

i=1
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Let us now define

8§ = min{8,,; . ,i=12,....,N}; (2.14)
then the map 4, : 10, - 3, defined by
z [xo
ﬂ_.{x — - L V*(P, (215)
=1 A+ 8
is obwviously linear, Moreover, for x € K we have that there exists @ such that
x ES(x;,\%c) (2.16)
and
1Tod x—x ||g{;2 ={Tod x—To if.cxillm;z +1To¥, x; —lel.;,(-2 +llx, —xll <e. (2.17)

Finally observe that from (2.15)
l
Gt <§||x1|._k-:, (2.18)

which assures the continuity of §_. [

3. Controllability of the perturbed system

We are now in the condition to study the controllability for the system (1.5). More precisely 1t will be
found that, under suitable conditions on the perturbation term in (1.5), if a trajectory is e-controllable for
the unperturbed system the same is true for the whole system.

To state our main result we need the foliowing lemma:

Lemma 2. The Volterra operator L,: W — W7 defined by
y=L,z; y(!)=frl‘(t—f)z('r) dr {(3.1)
0
is compact provided that {I(t), t = 0} is a strongly continuous semigroup of compact operators.

Proof. Let L : W — W7, ¢ =0, be the linear operator defined by
y=Lz; y0)=[ T(~r)a(r)dr (3.2)
0

where I'(¢) and z(¢) are assumed zero for ¢ << 0. We start by proving that L, as in (3.2) is compact for any
€ >> (. For, we have the estimate

WL z) Wy, < MVT 21l €320, (3.3)
and, for any h>0,t€[0,T) and z € W]
WLz Wt+h)— (LX)l gy < Mlizllywh +VT sup ID(e+8) = DO Lrpm 217 (3.4)

tS[e.T]
Moreover, by the Lax theorem which assures the uniform continuity of T'(¢} in [¢,77] [8, Th. 10.2.2], (3.4)

. goes to zero whenever 4 | 0. Hence the image of the unit ball in W7 under the action of L,e>0,is an
equicontinuous family of functions (they vanish in {0,¢]). Moreover L, may be easily expressed as

(Lzf(1)=T(e)}(L,z)(1—¢) (3.5)
which shows that
{(L2)(e) Nzl yr =1y =T(e){(Loz Xz —€); lzll yr < 1} (3.6)
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Since the set {(Loz)}t—¢); llzll 7 =1} is, by (3.3), bounded and I'(¢) compact, then the set in the
left-hand side of (3.6) is precompact. This means, by the Arzela-Ascoli theorem, that L, ¢>0, is a
compact operator treated as an operator from W,/ into C([0,T]; H,). O

Theorem 2. Any trajectory X € W' is e-controllable for the system (1.5) if:
(i) the unperturbed part of the system (1.5) is e-trajectory-controllable,
(i) K{u|)<N,Yucl,,
(iii) {I(¢), 1> 0} is a compact semigroup.

Proof. Let L,: W7 — W be a linear operator defined by
y=L,z; y(I)=frI‘(t—*r)z(»r) dr (3.7)
0

which is compact because of (ili) and Lemma 2. Moreover, let us introduce the nonlinear map hj:
WT - WT defined by

y=hu);  (e)=g(x(1), u(1)). (3.8)
Because of (ii) we have
sy =f T 2((e), w(O)? dr < N2IZ %1 (3.9)

Hence we have

G(Z,u)=L,oh{u). (3.10)
It results that the set

{x:x=3—G(z,u),uc W) (3.11)

is contained in a compact set, namely K;, in W, because L, is a compact linear operator and h{(u) is
contained in a closed sphere with radius N || X1l , . It follows from Lemma 1 that for any given ¢’ = 0 there
exists a 4. such that

NL§x —xllyr <€ ¥xEK; (3.12)

where ¢, and L are defined in (2.15) and (1.7) respectively.
In order to show that for any € =0 there exists # such that

X —xzllyr<<e (3.13)
where x; is the solution of (1.5) corresponding to #, we introduce the following input sequence:
Uy :0’ )y :S’s'(f—G(f"un))' (314)

This is a Cauchy sequence, for
“ un+p o, ” %V: = ” - g’q’G(f’un+p— | ) + g'k’G(J?"un— 1 )Ii %V:

1y -
<[5 16(Etrap1) = 6Tt s

:(%)ZLTUJF(“*)[8(5(7)%,_,&))—g(f(»r),u,,_lw)] dr dr
= ( % )ZMZszéT[j:P?(T)LJumLP_ () =u, (7). dT]z a4
<86 MK E| ﬁ,fforu Byipo1 — Bpllly Aty (3.15)
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By iterating (3.15) we obtain that
_ _ n T f
e, , — w,llr i(é‘ 2M'szIIxIIE,,;) fo f(, . fu '““p”ﬁ;n de, - -dt,

n "

< (872K NE ) 5 (3.16)

Mor_eover,
N W2 <8 NN 5 e +UG(Fou,— M7 ) <28 2UEI (1 + MAN?T?) < 0. (3.17)
(3.16) and (3.17) imply that the sequence defined by (3.14) is a Cauchy sequence. Let us now define & by
E:riﬁ—fl:o u,. (3.18)

It follows that
1% — G(%,4) — L§ (X — G(Z,@)}r = \X— G(X,&) = Litll r <€ (3.19)
(3.19) can be used to show that {3.13) is true, for
1% —xgzllyr = llx— Lu— G{xz,u)— G(x,#) + G(x,u i W
<+ G(x;,u)— G(x,u)ll wT

= (flf(:r(t_T)[g(xa(f).ﬁ(f)) — g(x(r),@(r))] dr i.dz)w

<e o] [ [1astn st ao] 0]

W 1/2

-ﬁe’+MNT1/2(fT||i—xullfV:er : (3.20)
O

Squaring and using the Gronwall inequality one obtains

172

15— xllwr <yZ{1+2MINIT2 M NT ) 2 7 2M M T =, 3.21
wll W,

Choosing €’ = ¢~ 2™ ¥ T’ /{7, (3.13) holds true. 0O

Remark 2. Note that the theorem is also true substituting condition (iii} by

{iii)’ hE(W;T) C K, K a compact set.

This is the case when, for instance, h{u) = D;h’{u), h% defined as in (3.8) and D; a compact linear
operator.
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