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UNIFORMITY AND REVERSIBILITY CONDITIONS
FOR LINEAR TIME - VARYING SYSTEMS

C. Gori - Giorcr and S. MONACO

Abstract. In Section 3 conditions are given on a linear system to be uniform,
i, e. such that every input-output pair starting at time ¢ is the restriction of
another pair starting at any time #,< ¢ In Scction 4 conditions are given on a
linear uniform system to be reversible, i. e. to admit a staterepresentation with
a nensingular transition matrix. In Section 3 an example is presented.

1. Introduction.

The concept of system as a set of input-output pairs was investi-
gated by several authors, giving rise to definitions which, with slight
differences, can be divided into two groups: definitions assuming
a system to be a set of input-output pairs defined on the whole time
set [4,5], and definitions describing a system as the collection of all
the sets of input-output pairs starting at each time [1,2,3]. The first
definition is justified by practicc: most objects are described by diffe-
rential equations defining the input-cutput pairs on the whole time sct.
However it is quite easy to find physical objects to be considered
« systems » which are not systems in the first sense (see [3] and the
example in Section 3); hence the second kind of definition will be
assumed in this papet.

When such choice is made, the problem naturally arises of finding
conditions under which a system can be described by a unique set of
input-output pairs defined on the whole time set. This problem is solved
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by the « uniformity condition » given in Section 3 for the special class
of linear time-varying systems. However the uniformity condition does
not guarantee the existence of a differential equation; this problem is
studied in Section 4, again for the linear time-varying systems: the key
property is the « reversibility » already introduced in [6].

The thecry is presented in the matrix language, which is more
suitable for algorithmic implementations; however a formulation in the
abstract algebraic language would be straightforward, Only the continuous-
time case is considered, but the results hold unmodified for discrete-time
systems (except the existence of the differential equation, of course).

2, Definitions and notations.

A time set T is given which is a (=) simply-ordered subset of
real numbers R; for a LeT, T (&) denotes the subset of T defined by

T()={t|(teTY & (t=#r)} (D

U, Y respectively denote the nonempty sets of input values and output
values; the set of input-output pairs af time t is a relation

S () SUTE WY Tl @

which is thought as the collection of all the experiments on the system
starting at f. :
A System is a set

S={S (), heT | o, €T, (i, VIES (f) =
= W]z, Y |rw)eES )} (3)

where u | r¢y denotes the restriction of the function u on the subset
T (t). Hence, by definition, a svstem has the quite obvious property
that every restriction of one of its input-output pairs is again a pair
of the same system. While this request seems a logical consequence of
the orientation of time and therefore is assumed at the definition level, it
is also possible to think systems having the symmetrical property that
gvery pair comes out as the restriction of a preceeding pair. Such a
property is very common in practice (e, g. systems represented by diffe-
rential equations) but not all systems enjoy it [3]; hence it is assumed
to characterize a class of systems called « uniform systems ». Formally
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a system S8 is uniform if

(w, eS )= W, y)eS (to):

€3]
Wz, ¥ {ren) =@ ), MheT, Mh<h.

A system is linear if there exists a field k such that, ¥ &eT, S (to)
is a vector space over k.

A linear, nonanticipative, continuous-time, finite dimensional, proper
system can be assigned by a state-representation of the kind:

1

x ()=, to)sz—jH(f, Tu{t)dr - (5)
¢

y()=¥({t to) o+ j W (¢, ) u (7) dt (6)

where x (NeR", u(Nel/=R?, y(eY=R? and the matrices are of
proper dimensions,

Alinear system is reversible [6] if admits a state-representation
(5, 6} such that

det @ (4, 1) +0, ¥ heT, VteT {(t). (M

A system represented by differential eguations is reversible, but the
converse is not necessarily true; a reversible system is always uniform
while the converse in general is not true.

3. The uniformity condition.

In this section the problem is faced of finding conditions on (5, 6)
to represent an uniform sysiem. The main tools are some structural
properties of the state space which will be now defined. A state x
is strongly reachable at time t if Mty<t, I xou, such that (5} holds,

The set of strongly-reachable states is found in the following
Lemma:

LEMMA 1. The set R (1) of strongly-reachable states at time ¢ is
given by
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R =R [& (¢, tm)]+R[ f H(, o BT (t, 2) dr ®
fm

where R [-] denotes the range space and t. is a small enough instant
of time.

Proor. First of all, remark that

RO )]2R [Pt h)]. Mh=sh 9

because
R[D(td]=R IS t)D (6, f)]=

=@ (1, ) R [D (4, to}]. (10

Hence dim R [® (¢, &)] is a non-decreasing function of #; it follows
that there exists an instant of time &, such that:

R [(D (t, tﬂ)] =R [‘p (t: tm)]: vtﬂ-{—tm (11)

If xeR [® (¢, 1)), then x€R [P (L fo)], Vho<tm hence

to<t, Jx0: x=@ (L, to) Xo (12)

so that x is strongly reachable with ©#=0, Moreover

xeR[fH (¢, TYHT (¢, T) dr]:; Ju: xsz (t, Dul(nder=
‘m rﬂl

t i
:f H{,Dundr D4, to)fH (o, V) u(7) dz
& tm

hence xe® {f).
Conversely, if x is strongly reachable, then Vh<f, dxo, u:

t

x=PE W xt+ [HE Dult)dz (13)
ty
hence

x€W (1) 4 . (14)
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It is well known that a state x is unobservable at time ¢ if;
¥ (1) x=0, V=t (15)
and that the set of unobservable states is given by:
Q (t)“—“N‘ f@r (O (D C (D (7, D dr (16)
t
where N [.] denotes the null space.
It is now possible to state the following theorem:
THEOREM 1. (5,6) represent an uniform system if and only if:
K (H+0Q @O =R" MteT. an

Proor: if (5,6) represent an uniform system, “@ implies:

¥t3 ¥x: Vu; Vt0<t; HXU}H‘O:

¥ (D x+ [W Gnn)u () dr=Y(t, f) -+ J-W (tr, Y o (D) dT -+
] ;

4

+fW(tI, Du(n)dr, Vhzt. (18)

Hence, ¥¢, Vx, Wih<t, I xo, tio:

Yih )

x—® (¢ ) xo+fH D ue(r) dr| =0 (19)
t

and pufting f=<f, (17) follows.
Conversely suppose (17) is false; then

¢, Tx: ¥xeR O

V{h, £} (x—x)F0, Vh=t (20)
Hence

3¢ dx: Mg,
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Wt D xdP (1) {fp (¢, tme) xo+j H, Dw(ndr (21)

t”l

and this proves that the system cannct be uniform. «f

The second part of this proof shows that if (17) is not satisfied,
there exists a state x at a time ¢ giving rise only to ocutputs which
are not restrictions of preceding outputs,

4. Reversibility condition.

It was shown in [6] (Theorem 2) that the special class of uniform
systems represented by a linear input-output map is reversible if and
only if a suitably defined function is surjective. That condition can
be restated in a significant manner as a condition on the reduced state
space at each time to have non increasing dimensions.

The same idea is extended in this section to the linear uniform
systems, after giving a suitable definition of the reduced state space at
cach time.

Define (not uniquely} a subspace B (f) as follows

REO=RONQWHDB® (22)

Clearly all the states in B (f) are strongly reachable and observable at
time ¢; moreover it is easy to see that, defining the set of free outputs
at time t as

LO={0,» |0, neS®} (23)
results
dim B ()= dim L (), ¥t (24}

Being all the states in B (f) observable, there exists a linear ome-to-one
correspondence between B () and L (f), so that B (f) can be taken as
the reduced state space at time + The reversibility condition can now
be stated.

TreorREM 2. (5, 6) represent a reversible system if and only if (17)
holds and

dim B () = dim B (), ¥h, ¥Yha k. (25)

ProOF. Suppose that the system represented by (3,6) admits another

yepresentation of order m defined by 5, H, 'f", W matrices with
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det & (t, f)F0 ¥f, Vi<t Then (17) holds; morcover the set of free
outputs at time ¢ is given by

L#)={(0, ¥ ¢ 1) x) | oeR™} (26)
and at time #<#
L) | ey = {(0, % (¢, 1) D (&1, to) %0) | xo€R™} Q7N
Being & (4, ) invertible, it follows that
dim L ()< dim L (%) (28)

hence, by virtue of (24), (25) is satisfied.
Conversely, if (5,6) are such that (17) holds, it follows that:

B ()ydQ (1)=R" (29)
and (25} implies:

dim Q {(#)= dim Q {#5}, Yto, ¥h=t (30}
Hence, there exists a time £, such that
dim Q ()= dim Q (t,)=n—1, W=, (31)

Moreover, Vi, M=, Vx, Jx, u:
te
Yt ) =¥, tl)[(D (1, %) xo-i-fH (f, Ty u () de ] Yizh (32)

Choose a basis in B (¢,) made up by vectors xi,..,% and ¥t define

Wt t) x if £,

y = (33)

Ut t ) x' if t<t, i=1,..,1

where f_; <t and x;" is such that there exists an input u; which satisfies
the condition

v (t, tq) l@ (tq, t—l) xir+

=W, 1) 5, M=, (34)

!
g
+ fH (ty, 7) w: (1) dr
4
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The cutputs y; are well-defined because:
i} (34} can be satisfied by virtue of (32);

ii) the choice of x/ in {34) docs not change the value of
v; (), because from the definition of ¢; it follows that

WLty x= (L)X, Vit =

(35)
SV )x=P{ 1) X, M=t
iii} the same is true for the choice of £_;.

Define the ¢X! matrix

VO=[y .. 1] (36)

and remark that

Vi, ¥Mx, dzeRh

Wt ) x=P ()2, M=l (37)

Being
W, D=V (L, o) H (fs, 1), ¥, W¥t=t, a e 7<h (38)

there exists an /X p matrix H (z) such that

W, o) =% H (@), ¥, a. e. 1<t (39)

It is easy to see from (37), (39} that

[
z(t):zﬂ+ff'§(r)u(r) dr (40)

y(O="¥ zu—i-f ¥ (8 H (v) u (z) dz (41)

constitutes a representation of the system. Being the transition matrix
in (40) equal to the identity, the system is reversible. «f

Remark that the representation (40}, (41) is such that every state
is strongly reachable and observable before t,; it follows that its state
space is reduced at each time before f,, Hence the following result
holds:
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CoroLLARY 1. The representation (40), (41} is minimal,

5. An example,

In this section an example is given to show an application of the
previous theory, Consider the network in fig. 1 and the system obtained
by taking the voltages u and y respectively as the input and the output.
The switch is opened for <0 and closed for #=0. The system seems
not to be uniform, because at =0 a new state arises giving rise to
new outputs. It is quite easy to understand when this fact does not
destroy the uniformity of the system; however let us apply the theory
of Section 3.

uit} I vt}

Fig. 1

The system can be represented by the following matrices:

g if t=4
o1 < {t—tgh
St tg=le BO 0 (42)
if t>6
1
— = {t—)

0 e &9 d_1 (to)

e =Lty
Tt t)y=[e B4 g Bl ¢_1 ()] (43)
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1
— e (=)
Ht o= ¢ ™ (44)
0
L en
Wi, 1)=e %% (45)
Applying (8) and (16) it is ¢btained that
K(H= span( (1) ) 46)
; 0 .
\span s l if BiCi#FR:Cs
Q)= ; <+ @7
'\span _-11(t)] if RiCi=R;Ch

Hence the system is uniform if and only if R Ci=R:C..
Moreover in this case it results
dim B ® =1, %t (48)

hence the system is reversible.
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