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ON THE REALIZATION OF VARIABLE-STRUCTURE
INPUT-OUTPUT MAPS

This paper deals with Variable Structure Systems, that is, systems
reprosented by differential equations being linear in the state but not in the
input. For a fixed initial state such a system defines a Variable Strusture Input-
-Output Map. The differcntial equation in the above mentiened initial state
constitutes a realization of the Variable Strucsture Input-Output Map i and
cnly if suitable eonditions are satisfied. The set of all these realizations is cha-
racterized by constant malriccs which arve a gencralization of the Hanlkel's
matrix and restituic the latter in the lincar case. ¥urthermore, minimality
eonditjons for a realization of a Variable Strueture Inpul-Output Map are given,
and an alworithm for computing the minimal order is ontlined.

I. INTRODUCTION

Tt is well known that a System is constituted by the eollection of the sets
of input-output function pairs which can be generatied starting at cach possible
initial time [1, 2]. This paper deals with a special class of variable-structure
systems, which are usually described by a differential equation of the following
kind:

(1) = Flu(®)le@) +glu(d)],
y(t) = Ca(d),

where @(t)e #*, the input u(f)e #”, the ontput y(f}e #7 and the matrices have
proper dimensions. :

Eq. {I-1} allows the definition of a syytem in the above mentioned sense
through the following steps. Assume as the time set F7(4) an interval of the
real line containing the lower cxtremum ¢,, and choose an initial condition ®,
for (I-1). Consider the input-output map F,: (#7)7% - (#97¢ which associates
to the input function w the output y obtained by solving (I-1) with ®({t,) = x,,

(I-1)
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Put
Ft) & {(u, y): y = Fylu), ue (Y0}, (I-2)
Finally, denoting, Vi,e7 (¢,) with
F it} = {5: e (t) &tz (I-3)
and
T () = {(®lrapys Yloey): (W, Yl Lt} (1-4)

tho variable structure system associated with eq. (I-1) and x, is tho seot
Py = {F (1), 1 T (Lo)}- {I-5)

Clearly, &, is completely characterized by the input-output map ¥,, and
viee versa, while the set (F, g, C, ®,) which defines F, is generally not unique.
It iz usefnl to stress that the set (I, g, C, ®,) does not constitute a state re-
presentation of #,, because the input-output pairs given by (I-1) at time ¢, > ¢,
constitute, in general, a set richer than & (t,). The set (F, g, €, 2,) constitutes
a reatization of 7,, that is & represcntation of the input-output map F,. This
is well known for linear time-invariant systems, for which the realization problem
was firstly formulated in |3] {in this case @, is nsually assumed to be the zero
state), and for bilincar systems [4] (in this case x, is not necessarily the zero-
-state [3]h

In this paper the realizations of a given ¥, are studied and two main qu-
cstions aPe zolved in some sense:

(i) the description of the set of all the realizations of a given &, (see section 1I);

(ii) the evalnation of the minimal order and the construction of minimal
realization from a non-minimal one for a given %, (see sectionm III).

Tn hoth cascs the results are a generalization of the ones which hold
in the linear and bilinear cases; the comparisons are formulated in each seclion.

II. THE SET OF THE REALIZATIONS
OF AN INPUT-OUTPUT MAP

The problem faced in this section is the following one: given two sets (F,
g, C,x,) and (F' g, ', x), find a criterion to establish whether or nob
they are realizations of the same &,. The first solution to this kind of problem,
for the linear time-invariant case, was given by Kaimaxn in [3], and was based
on the Hankel matrix; namely, two triplets (4, B, C), {(4', B, (') realize the
same zero-stale input-output map if and only if the corresponding Ilankel
matrices coineide. This result has been generalized in [4, 5] for the bilinear
eage, through the definition of a new matrix very similar to the ITankel’s one.
Because linear and bilinear systems are special cases of variable strueture
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systems, it seems natural to ask if there exists a mafrix which i3 invariant
over the set of all the realizations of an %, and is redurced to the Ilankel’s one
(or to its generalization) in the linear and bilinear eases.

A pogitive answer to this question is given in the present section:
First of all, let us introduce some useful notations as in [5]. Given # # xn
matrices F,, ..., F, and two matrices G and €, respectively n x 8, ¢ X n, define:

U, =G, Uj = (FU_, :...iF,U_), U; = (U,:...:U)
V,=C¢C

o

- (I1-1)

and
H, =V, U, (I1-2)

A first result can now Dbe stated for the particalar case of zero initial con-
ditions; then the gencral result will be given.

THEOREM 1
Two sets {F, g, C, 0) and (F', g, ', O, of the respective orders n and #,
are realizations of the same &, if and only if

H; = H- (I1-3)
where
7 = max{n, #n'}, : (I1-4)
G=(g:...: Q’r): (1E-5}
G —= (g0, (I1-6}

and g, ¢, F;, F; ave values of g(-), ¢ (), F(), F'(-) such that
Hr < w40 +n+a's Vue #PHL,, ..., A: (IL-7)

(F(w), F' (), g{u), g’ (w)) = EA{F Fi, 9, 9.



I'roor .
As rogards the necessily, choose an input ag in fig. I where the values w;, .., %, ave
thoso utilized in (II-7) and the instants of time #, ..., & ean be arbitrarily chosen; then

LAt
Lz ﬂ_
o N
1] I b
.' .' L]
ty » trey T t
Tig. 1.

the corresponding outpuls in the zovo initial conditions are given by

5t
Y1) = Coxp (Fp(T—t_ )} ... exp{Fylty~ 1)) | exp(Fh—hg,dv+
£y
tr'_—l
4+ Coxp (BT — ) [ exp(Feoy ooy - 2))lr—rdr+ (1I-8)
tr—:!

T
- € f axp (Fy (T — 7)) gpdr,
beo1
and gy (7) has the same form.
By replacing the exponential functions in (II-8) with the eorresponding serics-develop.
ments it is easy to verify that: :

y(T) =y (T) VvTe (g, o] {11-9)
implies:
=F 2 f Al R 3 gt
CFj1... Firg, = C'F] . Flrgg,

Fips ety = 1,000, 7y

. (I11-10)
Yy ooer by = 1,0, b= 1,
Y8 o= l,....7.
Henee the uneccssity iz proved.
Conversely, writing the oulput in the [ovm of the Neumann series:
T T _’J" T
g(T) =€ [ [1+ [ Flu(r))dn+ [ Fluin) [ Fluls))dndy - cglem)ae 111
4 T T t

it follows that:
r o
YO —y (1) = [ [Coe)—C'g (w())dr+
ty

+ | J [CF{uie))g(u(n) —CF (uz))g (w(n)]dgde) ... (1112}
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Applying the gencralized-mean theorem to (I1-12) we have:
VTE |—':I}' Oo), :'['fia i = 1, 2, 3,
(M —y Ty — [Cg(5) —C ¢ ENT -1+

" e e st (T —t,)?
+ [CF &) ) — CF G &N ——— {IT-13)
(T[-7) and (IL-3) imply:
Cg(e)—C'g &) = 3 L= C'gh = 0 i
i=1
atd
CFRE)g (&) — CF )9 (&) = Y D viis[CFig— CFigil =0 {TI-15)
f=14=1

and go on for all the terms of the r.h.s. of (IT1-13); this completes the proof.

Consider the sets (F, g, C,x,) and (F', ¢, C’,x,) that individuate two
differential equations of the kind (I-1) with x{t)e #" and &’ (tye .
By putting:
pll) — &) —x,, (I1-16)

p(1) = 2’ (t) —x, (IT-17)
it follows that: )
P(0) = Fu@®)p@)+ |F{u®)z,+g(xd)],

y(t) = Cp(t)+ Cx,, (I1-18)
P(tu) == 01
and:
Pty = F(u®)p (1) +[F (wn)x; g (wi),
¥ (1) = C'p'(t)+C =, (I1-19)
p’ {tg) = 0.

It is now possible to understand how to extend the result of Theorem 1
to the gemeral case.

COROLLARY 1

Two sets (F, g, C, ®,} and (F, g, C,®), of orders n and n' respectively,
arve realizations of the same ¥, if and only if:

Cx, = C'xy, (I1-20)
I, - H., (I1-21)
where: :
i = max{n, #’) (IT-22)
G S (Fowot-g, 6.0 Foegt-6,), (XI-23)

G2 (P, g, b Ex+g)), (11-24)
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and F.2,+9g,, F_;:J:E.—!—g.}, ¥, F-E are values of B (), -g(-), F'(-)a:c',+y’{.),
F( b F’( ) such that:

Wr <0+ 0 +n-n': Vue #Hiy, ..., A

(F(u), ¥ (w), F(u)ay+g (), ¥ (w7, +g (w) (I1-25)

= N 0(F, Fi, Fieg+ g, Fiay - g7).
i=1

ReEMaAnk 1

The vesult expressed in Corollary 1, generalizes the well known resulfs
for the linear and bilinear cases. On the other hand the reader will have no
diffienltios to obtain the results in [3, 4, 5] from Corollary 1.

III. MINIMAL REALIZATIONS

Tt i8 well known that the minimal order of the realizations of a linear input-
-output map is given by the rank of the Hankel matrix [3]; this result has been
generalized to the bilinear case in [4, 5]. Morcover, in both cases the mini-
mality is characterized by the properties of reachability and observability of
the stato-space. In [6] this kind of properties has been studied for the variable
structure systems, and the state-space has been decomposed into four linear
manifolds. On these grounds it has been shown how to find a transformation
such that the matrices of the system assume the following form:

Fuﬂa Fﬂ]} Fa(} ‘Fad
0 be 0 }f‘bd

Flu(ty) =
(u( )] ¢ 0 Fcc- Fe-rl
' _'0' 0 0 Fy
| _ (Fa,+g),
Putt)e,+gun) |
0
(ITI-1)
'TOa.
Lgy,

C=00C,0C), =, =
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Trom (I11-1) it follows that the input-output function F, can be constructed
from tho following equations:

ey (1) = Fyp (“‘(t))ﬁcb(t) + lde (-u(t)}m0d+gh(u(t)}],

y(8) = Cyaey(t) + €@y, (II1-2}
x{t) = ®gp-
i
Ak: €,k = Cy-244 (III-3)

it is possible to obtain from (ITI-1) an equation of the form (I-1} by putting:
z{t) = >, () — k. (TIT1-4)

If (II1-3) is not true, it seems natural to consider (III-2) as & realization
of #,, the only differcnee being a constant term added to the output. With
this assumption the following theorem can be stated:

THEORTM 2

The order of the minimal realizations of a given &, equals the dimension of
the least linear manifold containing all the states whick are reachable and distin-
guisheable from x,.

Proor _

The previoms reasoning shows thut every minimal realization is such that its state
apace is spanned by states reachable and distinguishcable from &y,

Converscly, if a realization of order » is such that its state space is reachable and distin-
guigsheable from &, it tollows that the matrices V, and Uy which factorize the matrix H,
of Corollary 1 are of full rank; hence, from Sylvester's inequality:

rankH, == {I11-5})
this implics that a rcalization of order lower than » eannot cxist.

COROLLARY 2
The order of the minimal realizations of a given &, is equal to the rank of H,.

IV. CONCLUSIONS

The set of all the realizations of a variable structure input-output map
has been characterized throngh a suitable gencralization of the Hankel matrix.

Tt would be of interest to find the structvre of this set, particnlarly to in-
vestigate the role played by the algebraic eqnivalence in this class of systems.

The results about minimality ean be used to find algorithms for reduction
and for evaluation of the minimal order.
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PEAIBALIMS CXEM C IEPEMEHHON CTPYKTYPOIR

Temoll paboTel ABIAOTCA CHCTEMbL © TIRPEMCHHON CTPYKTYPOR, T.€. CHCTEME], LIPEOCTABICHHLE
AnBhepeHIMALLRELIMY ' ¥DABHEHWAMY, KOTOpPHe, OYAYYM JMIEAHLIMH 1o COCTOSHMEY OKASLIBRIOTCR He-
HuHeHHEMA Ha BXoAE. J1ua onpeneneAROTO AAMANEHOTO COCTCAHMA TAKAA CHCTEMA, YCTAHABNHBAET CXEMbI
H3MEHCHES CTDYKTYPEL EXog-BRXoa. duiddepenuvansivie yparHesnA B YEA3aHHOM HAYANBHOM COCTO-
AMHH PEAIHYIOT CXEMY M3MERCHWA CTPYKTYPHL RXOH-BbIX0] B TOM, H TQJILKO B TOM CNyYAE, ECIH YIOBIe-
TBOPATOTCH COOTBLTCTBYROINHE YCIORMA. MHOXECTB0 BoeX ITHX PCATHMIAIMA XapakTepHIVETCH NPW 1o-
MOIIY DOCTOAHHBIX MATPHU, KOTOPLIE SBIESOTeA oO00MeHsed mMaTpuumt TEHKCTY M BOCHDPOH3IBOANTCH
B Cydac THueHHoCTH. KpoMe Toro, npuBeaens: yCnoBHA MAHMMAILHOCTY JNS PEa.IW3aNEH IUIaHa nepe-
MEHHOH CTPYKTYDb! BXOA-BLIXOO ¥ COCTABIIEH ANTOPHIM BHIMHCICHHS MHEAMATBHOTO NOPAIKA.
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