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ABsTRACT: In this paper the structure theory of the state space is developed for a class of
state-affine systems.

On the basis of the properties of reachability and indistinguishability with respect to a
given state, the state space decomposition is operated and the input—output behaviour is
characterized.

I Introduction

This paper deals with time-invariant state-affine systems represented by

X(6) = F lu(®)| x{()+ g |u(®)l (1)
y(6)=Cx() (2}

where x(f)e R", u(t)e RP, u(-)el, the space of admissible input functions,
y(tye R9 and F(*), g(*) are continuous functions. Recently this kind of systems
has been widely investigated because of its usefulness in modelling and control
theory.

Two main lines can be found in the literature: (i} a structure and realization
theory for the special case of bilinear systems, with some interest in optimal
control (k—4}; {ii) a control theory for applications to special areas (5, 6), and
for the analysis of special variable structure systems.

In this paper, a state-space structure theory for systems Egs. (1) and (2) is
presented. The role of the structure theory for analysis and synthesis of linear
control systems is well known: its relevance lies in the connection between
reachability and pole assignability, observability and state reconstruction,
minimality and simulation. Furthermore, the structure theory is of wide rele-
vance from a system—theoretic viewpoint, so that it seems justified to extend
the structure theory to a wider classes of systems.

In Section II the definitions of reachability and undistinguishability with
respect to an arbitrary state are given. In Sections II and IV two sets
characterizing the reachable states and the indistinguishable states from a given
initial state are found; lastly, in Section V a state space decomposition is
presented and the input—output map from a given initial state is investigated.
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IL Reachability and Indistinguishability

The role of reachability and indistinguishability from the origin in linear
system theory is well known (7). The state space decomposition based on these
properties, as proposed by Kaiman, allows the decomposition of the whole
system into four sub-systems only one of which characterizes the input-output
map from the initial-zero-state. In the linear case the output of the system is
the sum of a term which represents the output from an initial state x, # 0 with
u(f)=0, and a term which represents the input-output map from an initial-
zero-state, the latter being the more meaningful,

Moreover, the impulse response in the zero-state constitutes a comp]ete
model of the reachable and observable subsystem; this is an important a
posteriori justification of the whole theory.

All these motivations, based on the linearity, fail when the system is
non-linear; for example, the following bilinear system:

() = Nx{nu(t) 3

shows that the zero-state response can be meaningless (8).

To overcome such difficulties, in (8) the reachability property was defined
with respect to an equilibrium state. Such an approach is well justified but not
the most general; furthermore, on these bases the state space was decomposed
and the input—output map was characterized if the origin of the state space
belongs to the span of the states which are reachable from the equilibrium
state. In the present paper the state space is decomposed and the input—output
map is characterized with respect to an arbitrary initial state. To this purpose
the definitions of reachability and indistinguishability are stated with respect to
an arbitrary initial state.

Definition 1. A state x of the system (1), is reachable from x, if there exists
an input which transfers the state xp into x in a finite interval of time.

Definition 2. A state x of the system (1), (2) is indistinguishable from x; if
the outputs from x and from x, coincide for any input.

Obviously these definitions coincide with the usual ones when x,=0.

IIL. Reachability

First, the definitions of some useful invariant sub-spaces will be recalled. If

Fi, F;, ..., F, are n xn matriges and G is an n X s matrix,

genr, 5 (G) and geng,..r(G”) (4)
are respectively the smallest sub-space of R” invariant under Fy,..., F, con-
taining the range space of G and the largest sub-space of R™ invariant under
F,,...,F. contained in the null space of G".

The properties of these sub-spaces and the algorithms for their construction
are given in Section 3 of (8), to which the reader is referred.

Starting from the reachability property, note that the set of the states which
are reachable from a given initial state is not, in general, a linear space.
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Nevertheless in order to decompose the state space it seems natural to look for
the smallest linear manifold containing the reachable set from an arbitrary
initial state, in order to obtain a set with some linear structure.

To obtain this goal the following steps are necessary:

(1} It will be shown {Lemma 1) that ¥ is reachable from x, for the system (1),
if and only if ¥—x, is reachable from the origin for another suitable
variable-structure system;

(2} The span of the states which are reachable from the origin for a variable-
structure system will be found (Theorem I};

(3) On the bases of these results the smallest linear manifold containing the
states which are reachable from x, for the system (1), will be found.

Lemma 1. The state £ is reachable from x, for the system (1), if and only if
X — Xy is reachable from the origin for the system:

2(y=F lu(®)] z(0) +|Flu(t))xo+ g(u(D))|. (5)

Proof: (1) yields to (3) by substituting x = z + xo.
If £—xp is reachable from the origin of the system (5), then there exists an
input # and an instant of time T, such that

X—xp= J. @, (t, 7) [Fl @(r) fxo + g(@(r)] dr
0

(6)
- f%(t, DF|a(n)|dr - %0+ L .t g (u(r) dr
where $,(t, 7) is the solution of
X(0)=Flu| X(1), X{r)=1I (7)
Eq. {7) then implies
—2 @401, = Pulr, ) - Fla(0), @®)
From Egs. (6) and (8), it follows that
X x=®s(T, 0 - J. @0, 7)F |ﬁ(1-)i dr- x0+j B{t, m)glul(r)) dr
= 04(T, 0) |-®(0, T)+1] xo+j b, ) gu(r)) dr. ©)

Hence # is reachable from x, for the system (1); the converse can be easily
proved in the same manner.
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Recall that a sub-space S <= R" is invariant under F(-) if xe S—F(u)-x€8§,
Yuec RP, and that the range of g(-) is defined by

R(g={x|FueR®: x=glu)} (10)
The following theorem can now be stated:

Theorem I

The span P(0} of the states reachable from the origin for the system (1) is the
smallest sub-space invariant under F{-) containing R(g).

Proof: Note that, Yu € R?, F(u) and g(u) are elements belonging respectively
to the vector spaces R™™ and R™ Hence it is always possible to find input
values uy,..., %, r=<n’+n such that

YueR?% 3y, ..., eR: F(u)= 2, AF ()
=l

YucR%3y,,...,v.cR: glu)= El vig(14).

By putting F;2 F(w), g2 g(w), i=1,...,r the theorem will be proved if it
is proven that

(11)

P(0)=geng,. r(8: .. &) (12)
First let us observe that
T
3T,ﬁ:x=J; D, (1, 1)g(f(z)}dr— x c P(() (13)
hence:
T
vyePY{0)=V¥TecR, Viie U-,’yTJ; ¢, (¢t Tye(u(r) dr=0. (14)

Choose an input as in Fig. 1 where the values u,, .. ., % are those utilized in
(11) and the instants of time t;,...,%, can be arbitrarily chosen; then the
motion of the state starting from the origin is given by

x(Ty=exp (F(T—t_1))exp (F_(t—1 — %)) ... exp (F{t2— t;))

XLlem (Fi(ty =g dr+...+exp (F(T— ) (15)

T

X j a exp (F_1{t_1~7)g dT"‘J; exp (F(T—1))g dr
L.

—2 -1

By replacing the exponential functions in Eq. (15) with the corresponding
series developments, it is easy to verify that (14) implies

yeP*(O)—>y'Fly Fi2... Fig=0 (16)
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Y,

u

Fic. 1.

Yi,....ik=1,...,r

Vky, .. k=1,... k-1

Yk=1,....r:
hence:
yePY(0) » yegeny,  r{gi...:8) (17)
that is,
P)2geng, r(g:...:8) (18)

YkeN, V§LeRP, VéEeRP (19)

By re-writing the 1.h.s. of (13) in the form of the Neumann series, we have

x= (I+J; Fii(ry)) d71+£ Fia(r)) L lF(ﬁ(Tz)) drpdr +.. )

X

LT (“‘ _[0 F(a(n)) dr + f F(a(r:)) fl F(i(r)) drp dry
*.. -)g(ﬁ(’r)) dr

(20
By applving the generalized mean theorem to (20), we obtain

VTeR AL &, i=1,2,3,...¢
2 2

o= (rrreTr @R T ) (s T-Fase T ) ey

Egs. (19) and (21) then imply _
yegenr, 5{g€:...: g)Nye PH0) (22)
and this completes the proof.
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Corollary 1. The smallest linear manifold P(x,) containing the set of the
states which are reachable from x, for the system (1) is given by
P(xo)=1{x0+2 | zel} (23)

where [ is the smallest sub-space invariant under F() and containing the range
of F(-)xo+ g(*).

Proof: Choose, as in the proof of Theorem I, input values uy,. .., i such
that the first of {11) holds and the following condition is satisfied:

YueR® 3y, ..., v € R:Fu)xo+g(u)= ), v{Fixo+g). (24)
i=1

With these positions (23) is equivalent to
P(xo)={xo+z|zegens, r(Fixot g :...: Fxotg)} (25)

thus the proof is obvious.

Remark 1. The result of corollary 1 allows us to find and extend the well
known results for special classes of state-affine systems, i.e.
(i) For a linear time-invariant system:

()= Ax()+ Bu(t) (26)

the input values uy,..., . required in the first of (11) and in {24} can be
chosen as follows:

W= ith position i=1,...,p; tpa=0.

[=R == =

This allows us to obtain the well known expression:

P(0)=gen(B).

Plxgy=gens(Axo+ b1 .. .1 Axy+b,). (27

(ii) For a time invariant bilinear system:

= (A+ i Nkuk(t))x(t)+Bu(r) (28)
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the same choice of the input values as that of the linear case allows us to obtain
®),
P(0)=gena a+m,...a+N, (B)=genan,, .., N, (B) (29)

P(xo)=genan, ~{A+NDxe+bi:. .. 1 (AF+Ny)xo+ by); (30)

which is an extension of an expression found in (8).

IV. Indistinguishability

It is easy to verify that the set of states indistinguishable from a fixed x; is a
linear manifold; therefore it seems natural to look for this linear manifold
without embedding it in a more suitable structure. To achieve this result, the

steps will be similar to those of the preceding section; hence the procedure will
only be outlined.

Lemma 2. The state X is indistinguishable from x; for the system (1), (2) if
and only if ¥ — x, is indistinguishable from the origin for the system represented

by {5} and
y(ty= Cz{) + Cxo (31)
Theurem 11
The set Q(0) of the states indistinguishable form the origin for the system (1),

(2) is the largest sub-space of R" invariant under F(-) and contained in the nuil
space of C.

Proof: Note that, on the bases of the above positions, the theorem states

O(0) = gen,.. 5 () (32)

where Fy, ..., F, satisfy (11).

To prove that a state indistinguishable from the origin belongs to the r.h.s. of
(32), it is sufficient to consider the input function in Fig. 1 by repeating the
same considerations of the preceding section, Conversely, if a state belongs to
the r.h.s. of (32} it is necessarily indistinguishable as it is easy to verify by (21).

Remark 2. The result given by Theorem II remains unchanged if a constant
term is added to the r.h.s. of (2); therefore such a result can be used in Lemma
2 also if {5), (31) is not a state-affine system.

Corollary 2. The set Q(x;) of the states indistinguishable from x, for the
system (1}, {2} is given by

Qlxo)={xo+z|zeL} (33)

where L isthe largest sub-space invariant under F{-)} and contained in the nuil space
of C.

On the basis of the results stated in this section it is easy to complete
examples (i), (i) and (i1) in Remark 1.
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Remark 3. Corollary 2 gives the set of states indistinguishable from xg,
which is a linear manifold, while Corollary 1 gives the smallest linear manifold
containing the states reachable from x,. In spite of this, it is evident the duality
of the results are given by Corollaries 1 and 2.

V. Canonical Decomposition

Given a state-affine system and a state x5, Corollaries 1 and 2 give two
linear manifolds both containing x,. By putting z = x — x,, that is examining the
system (5], (31), these linear manifolds began sub-spaces, so that it is possible to
decompose the state space into the direct sum of four sub-spaces, as proposed
by Kalman (7). In correspondence the system (1), (2) is decomposed into four
sub-systems having state spaces which are linear manifolds through x,.

It is, therefore, possible to extend the well known results on the canonical
decomposition of linear systems to the state-affine case.

Hence, for the system (1), (2) and the initial state x,, consider the corres-
ponding system (5}, {31), the span of the states reachable from the origin P,(0),
and the set of the states indistinguishable from the origin Q,{0). Define the
following sub-spaces:

A=P.(0)NQ.(0)
Pz(o)zA@B
Q.(=ABC

X=AGBDPCHBD

(34)

and carry on a change of basis, i.e.
2(8)=Tz(1) (35)

so that the new basis in X is the union of four bases in the sub-spaces A, B, C,
D in this new basis (5} and (31) began:

2O =|TFu()T | 2(6)+ T [F(u{0)xo + q(u(D))|
A Fu()z(n+ Fu(@PZo+ glult)) (36)
where Xy = Tx, and
y(1) = CT '2()+ Cxo 2 CZ(8) + Cxo. (37

In the new basis, F}, F, - %o+ £ and consequently the matrices of the system
{36), (37) become

- =

Faa Fab Fac Fad
0 Fp 0 Fu (38)

0 0 E. Fyu
0 0 0 Fdd

Fju(n)]=
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(qu-l- g)a
Flu(®)] xo+ g jul(t)] = (qu(;r g)b

(
é = (0 éb 0 éd)
as it is easy to verify by (12) and (32) with well known algebraic techniques (1).
By operating in (1), (2) a change of basis with the same matrix T as in (35), it

is easy to verify that the new F, g, C, x,, obtained are similar to those found in
(36), (37) and assume the form (38). Hence the following theorem holds:

Theorem IIT

Assuming as a basic in the state space, of the system (1), (2), the union of
bases on the four sub-spaces A, B, C, D, the functions of the system assume the
canonical form (38).

Remark 4. It is easy to verify that

P(xo)={x0+2,2€ A®B} (39
Qlxe)={x0+2,26 AGC}, (40
hence, in the basis of Theorem III, we have
X
xePlxp)erAx,, xp 1 x = Ko+ :g, (41)
]
Xa
xe Q) Ix,, x, i x =%+ S (42)
0

Remark 5. The output of the system (1), (2) from the initial state xp
coincides with that of system {5}, (31) from z =0, Therefore, if @, 55(%, to} is the
transition matrix associated with the equation

W(t)=Fyp [t()] x(28) (43)

the output is expressed by
y(n=0G, LI Dbt 7) [F(u (D) £0+ gu()), d7 (44)
and, if %, is partitioned according to (34), we have
y=2G _L‘ Dy b0 (6 7) | B 1)) Zop + B (u(t)) o

+ g (u(0)] dr+ Coos + Cufoa. (45)
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Hence, the input-output map from the initial state x; of the system (1), (2)
can be expressed in two alternate ways:

(i) By a state-affine system with order equal to dim B+dim D as
follows:

() = (fa,h(ée(r)) FM(S(:))) ()4 (gb(g(r)))

y(t)=(G, Co)x(®) (46)

x{(0) = (jf—(lb)‘
Xod
{(ii} By a system that is not a variable structure one with order equal to dim B
as follows:

with

2(8) = Fop (u(0)x(0) + | Fra (w())Eoa + Go(u(1)] 7)
y(0) = Gx(t}+ Cufou
with X(O): JEOb.
In both cases, the input-cutput map depends not only on the b sub-system
but also, in some manner, on the d part of the decomposition.

VI Example
The following state-affine system is given: i.c.
1{2u—u® u’ ) 1(u+u2)
((f)== N+ 4
*() 2( -u’  2utu’ x(1) 2\—u+u’ (48)
y(={(1 DLx(p)
with

w-()

Let u; = 1 and u; =2 input values that satisfy the first of (11) and (24); hence, it

is easy to verify that
111 “1( 0 4)
F’_z(—1 3)’ =5\ s

I{3 3
and

12 5 20)

5 3
53 12 5 20

Falws R

geng, q{| Fro+ gl [Fxo+ gl) = (
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By a change of basis as in (35), with

(1)

it follows that

fu u’ _(2u2+u)
Fluol=(% ), Flulwg o= (",
and C=(1 0).
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