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Abstract

In this paper we study the problem of the stabilization of nonlinear control system with one complex uncontrollable
mode. We find normal forms and quadratic invariants; then we compute center manifolds, and use bifurcation theory to
synthesize quadratic controllers. (©) 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Setting the study of dynamical systems in terms of specific normal forms is a powerful tool. Such an ap-
proach developed in both cases of dynamical systems defined by vector fields (differential dynamical systems)
or maps (discrete-time systems), provides new coordinates under which the systems are transformed into their
“simplest” forms [4,23,10].

The normal form approach was generalized to controlled dynamical systems in [21,19]. This is of peculiar
interest since the normal form can be used for investigating stabilizability up to the computation of the
stabilizing controller. In [19], with reference to a continuous-time system with controllable linear part, a
controlled normal form was introduced as the simplest element of the equivalence class of a group of quadratic
transformations performing both coordinates change and feedback. In discrete time, the approach was developed
in [5].

The study is particularly attractive when dealing with nonlinear systems with uncontrollable modes. The idea
was adopted in [6] to study nonlinear control systems with bifurcations through coordinates change without
taking explicitly into account the control action. The investigation under the action of feedback has recently
been proposed and developed in [1-3,8,9,11,14-16,20] for dynamics with one real or complex uncontrollable
mode, thus providing a solution to the stabilization problem for nonlinear systems with bifurcations.
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The general stabilization procedure combines centre manifold techniques, normal forms and the use of
a second-order static state feedbacks. In short, the linear part of the feedback is designed to stabilize the
controllable subsystem while its quadratic part is designed for modifying the manifold over which the closed
loop reduced dynamics evolves. Classical stability theorems for systems with bifurcations can be used to prove
the stability of such a dynamics, under suitable conditions.

When dealing with controlled dynamical systems, it becomes difficult to parallel both the studies referred
either to differential or difference nonlinear equations even if many analogies can be set (see [22]). This
is due to the fact that the study of difference equations induces compositions of functions and the design
of the control law always reduces to intricate problems of inversions of maps. The present paper addresses
the problem of controlling nonlinear discrete-time control systems with one uncontrollable complex mode
(systems with a Naimark—Sacker bifurcation). The case of one uncontrollable real mode has been studied
in [20,13].

Section 2 is devoted to the computation of the normal form and its characterization in terms of invari-
ants, a set of numbers which entirely specifies the normal form. In Section 3, we find the centre manifold
and then solve the stabilization problem related to the Naimark—Sacker bifurcation by means of a quadratic
controller.

2. Normal forms and invariants

Let us consider a single input, parameterized, nonlinear discrete-time dynamics on R”, described by the
nonlinear difference equation

=S pu), (1)
where { € R" is the state, u € R the input and u € R the constant parameter, f({,p,u) : R" X Rx R — R”
is analytic in its arguments. We adopt for any integer k > 0, the notation {":={(k + 1):=f({(k), u, u(k)).
We assume that 0 is an equilibrium point associated with u=0, u=0 (i.e. f(0,0,0)=0) and that the linear
approximation around (0,0,0), given by .o7:=(0f/0{)(0,0,0) and %:=(0f/0u)(0,0,0) is such that
Assumption 1.

rank((8 AB A4*B - A" 'B)=n-2, (2)

with the uncontrollable part characterized by one complex mode, i.e., two conjugate eigenvalues A1.2(0)=
cos(w) & jsin(w) with w such that e #£ 1 for k=1,2,3,4.

Remark. In the context of bifurcations for maps, eigenvalues on the unit disc are required not to be +1 or
—1 or any of the square, cube or fourth roots of 1 to avoid what is called strong resonance [4,17].

2.1. Linear normal form

We first compute the linear normal form of (1) as it is essential to characterize the stability of the whole
dynamics.

Lemma 2.1. There exist a linear coordinates change and a feedback under which system (1), satisfying
Assumption 1, takes the form

_ =[2], = _| z ~[0] z
=iz + [ G+ NG wu+ iy 0?4+ O v,

_ _ =[2], > | z ~[0] z
Fr=AF+ B+ 15w+ 3 G+ ky v* + 0 1 v)’, 3)
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with {=[2","]", ZeR?, xe R"2,

1 1 0 0 -

0 1 1 .o
cos(w) —sin(w)

A]: . > A2: : .‘, ", .‘, 0 > B2: : > (4)
sin(w)  cos(w)
0
: 1 |
[0 - - 0 1] 2 (n2) L (—2)x1

f [12], f [22] (resp. g'gl],ggll) stand for the homogeneous polynomials of degree 2 (resp. 1) while l’_l[IO] and Eg” are
constants.

In (3), O(-)® represents the remaining terms of order > 3 in the expansion. In the sequel, for any analytic
function A, for any i > 0, Al will denote the homogeneous ith-order polynomial.

Proof. From linear control theory [18], we know that there exist a linear coordinates change and a linear
feedback, independent on p, transforming (1) into

=12+ D+ O, w92,

it = Ap% + Bai 4 Dy + O, 1, )2,

with Dy =[d1 d12]", Dy=[d2\ d2s --- da,_»]". Then, we easily recover (3) by choosing in addition

. - 1 —1 + cos(w) sin(w) di1
T (I —cos(@) | —sin(w)  —1+cos(w) | | dia |’
0
~ d21 ~
X=x-— . U, 0=v—dy,_2u O
d2n—3

Remark. Let us point out some particular interests of the form exhibited in Lemma 2.1. The linear part does
not depend on u and the linearly uncontrollable part is separated from the controllable one which satisfies the
canonical Brunovsky form up to the identity matrix. This choice which does not need any extra assumption
is made to guarantee the local invertibility—invertibility of the linear approximation—of the dynamics (3) as
will be justified later.

In the following, Xys will denote the dynamics (3).

2.2. The quadratic normal form

Let us now consider quadratic transformations which are defined by the coupled action of a quadratic
coordinates change and a quadratic static state feedback of the form,

(=C+ o), (5)

v=u+ (& )+ pu + 1%, (6)

where ¢l?, g1, 7111 5[0 denote homogeneous polynomials in their arguments. Such a transformation is em-
ployed to simplify the quadratic part of (3) while leaving the linear part unchanged.
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Following [22] and because of the local invertibility of f({, x,0) (the linear part, A = diag(4,4,), is full
rank), let us rewrite, the dynamics of Xygs, i.e. C_+ = ]_” (C_, 1, v), in the exponential form

+(?/2)L
Gg("“)([d)‘f(i,uﬂ) +0(v)’, i

EJr _ eULG(l)(““)

where by definition

=0 = af(é_a M, U) Ui71

G (L o)== => -

ov s ; i!
ST Gy 121

As far as the notations are concerned we just note that for any analytic function X(x) : R" — R", Ly:=
7(.)0/0x|y, will denote the vector field associated with it and the right-hand side of (7) must be interpreted as
the formal exponential,

GUC )= G 1) + vGUE ) + O(vY2.

1 1
eLx::[+LX+§L12Y+...+EL§_|_...,

with L :=Ly o - oLy (k times). Moreover, for any A(x): R" — R, Ly(A)|;:=04(x)/0x|. X (x).

. . . =0 = .
Remark. The vector fields associated with the functions G;({,u);>1’s, used to set the exponential represen-
tation (7), are at the basis of a Lie approach in discrete time [22]. It will be shown in Section 2.3 that a
family of invariants which characterize the quadratic normal form can be expressed in terms of these vector

fields.

For studying the effect of the quadratic transformations (5), (6), it is enough to restrict the polynomial
expansions of the dynamics (7) up to the order 2,

2
- v 3
C =7 Em0)+ vl D700+ 5 Lasw ©Lesw T Las ) ID G oy + O
with
— - _[2] - -
G 0):=40+ f7(G ) + O ),

= 0[0]

G ="+ G ) + O w? =B + g4 1) + O ),

Go@ ) + O, u):=Go" = 21" + 0(C, ),

-[2 -[2]IT -[2 _ i _ [0 —
where B::[O,O,BE]T, f[ ]::[f[l]T,f[z]T]T, g[l]::[g[ll]T’g[zl]T]T’ and h[ ]::[hEOJT

On these bases it is readily verified that

-[0]T
AT

Proposition 2.1. Under the quadratic transformations (5), (6) the dynamics (7) takes the form

2
u
=S m0)+ uLgo ()| (¢ 0y + ?(LG?(.,;;) 0 Lgo(uy + Laogw)Ud)| pc. 0y + O(u)’, (8)
with
FE1,0) = F(E1,0) — ApPUE ) + oAl 1) + ¢ )G + O, 1)

= AL+ TN ) — 40P ) + 9PUAL 1) + ¢PUE G + O )
GUC 1) = GI(G ) + Lao(0P(G ) + (A8 )G + O, )?

ool .
@ (C,M)G?[o
o

=0[0 =0[0
G = Gy + 9GO ). 9)

=0[0 =01 _ =0[0
="+ M + L UG G + O



B. Hamzi et al. | Systems & Control Letters 44 (2001) 245-258 249
Finally, the quadratic normal form is characterized in the next theorem.

Theorem 2.1 (Quadratic normal form). There exist quadratic transformations (5), (6) under which (3) takes
the form

2

u
=P 0) +uGY + 5 Gy + O pou)’, (10)

with
n—2
Az 4 pfz 4+ x Tz + xup° + Zé’xf

f[Z](C’ 11,0)= s Jj=1 ,

Ao+ S0

J=1

GV:=G" =B, G%:=GI" =24 (11)

The quadratic parts take the form

upz = uz Z Bléiz),

i=1 j=1

1Tz 4x7°u= xlz Zy’z,+yl el,
i=1 Jj=1

n—2 2 n-2
i 2 j
E yxjfg E dlelx?,
j=1 i=1 j=1
n—2 n—=2
ZC’X =22 by
i=1 j=i+2

2

o
> il

[0] _ i=1
h n—2
0
> Hyeb
i=1

where B and I are in R**?; 3, 8!, &2, h[1 are in R*¥; /= [( . C‘,’;iz]T, j=1,...,n—2, hgo] are in
[RQ(”_Z)X?, with constant entries Byl 8L, Y satisfying Bl = B3, B2 ——ﬁé, W) =0and [=0; i=1,...,
Jj—2. ¢ (resp. ) denotes the ith-unit vector in the z-space (resp. x-space).

Remark. In (10), G? and GY are constant, GO[0 ,=1 and the other vector fields are equal to 0, while
Gy =0.

The proof of Theorem 2.1 is detailed in [16]. We just give for completeness some aspects related to the
exponential formulation.

Recalling that two quadratic dynamics with the same linear part are said to be quadratically equivalent if
they are equal through quadratic transformations of the form (5), (6), we immediately deduce from (9) the
homological equations below,
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Proposition 2.2. Two dynamics of the form (3), with the same linear part, described by the triplets ( f12,
G(l)[l],G(z)[O]) and (f [2],6?[1],62[01), respectively, are quadratically equivalent if and only if there exist

(@2, 10), ¢2(C, ), I(E, ), s10Y) satisfving the set of equations
=[2
A0 = B 1. 0)= — 4¢P(C ) + @2AL ) + ¢ )G,

=0[1] -

G (L) = GG ) = Lgo( @G ) + (AT G

G - Y9 —,

GO _ Ghol _ ol ot (12)

Eqgs. (12) are at the basis of the proof of Theorem 2.1. They can be referred to as the homological
equations thus extending the usual terminology to controlled dynamics. The normal form corresponds to
the remaining terms once all the possible quadratic terms have been simplified by appropriately choosing
(O, 1), gL, ), P, ), s197). More precisely, to do so, one computes the image set of a certain linear
map—defined by the first equation in (12)-subject to constraints—defined by the last three equations in
(12). Then, the complementary space contains the terms which cannot be simplified, precisely those which
characterize the normal form. In general, several normal forms can be built depending on the basis chosen for
the complementary space. The structure of (10) has been chosen because, for (x,u)=(0,0), the z-part exactly
restores the Poincaré normal form

1 2
<o [ i)

which exhibits a Naimark—Sacker bifurcation [23,10], when f} and ? are such that the condition of Theorem
3.2 holds true (Section 3.2 in the sequel).

2.3. The quadratic invariants

We show in this section that the quadratic normal form (10) can be exclusively characterized by the the
quadratic invariants, a set of numbers which remain unchanged under quadratic transformations. Moreover,
the coefficients of the quadratic normal form can be uniquely determined in terms of these numbers. They
generalize the characteristic numbers introduced in [19] to the present situation, for the continuous-time case,
and [5] for the discrete-time one, with reference to controllable dynamics.

Hereafter, we will show that these numbers can be expressed in terms of the (G({, u),i=1,2). To do so,
as in [22], let us denote iteratively by G{“(C,,u), i=1,2, j >0, the transport of any vector field G{ G w
along the drift (¢, 1, 0),

4 Of (G 0)
6= (LEE Vi)
SN m0)

For any analytic vector fields X (x) and Y(x) defined in R"” ady(Y ):=[X,Y]:=Lxy oLy — Ly o Lx:=(0Y/0x)X —
(0X/ox)Y.
Denoting by C,, C., X; and X, the matrices

(13)

I 0

0 .
Ce=[0 0 Li2]y2yun C=[L 0 --- 0y, X= : , Xu= 0 ,
nx2 1 Ixn

where [, are the identity matrices in R"*", we set
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Definition 2.1. Given the dynamics (3) (or equivalently (7)), let us define the following list of numbers:

P =CG,GY, 1<r<2,

d=CJ[G% G 1<t<n-2,
0 0[0

' =1c.G,

0 0[0
' =1c.G",

PR L I L ()
0 I A

LS (90
zZ a# 2

I Y ey A ()
ﬁ[—ﬂf ﬁl]czﬁzau’ (%

where 12, G!, G, are defined by (11), (13).

The exponential representation enables us to deduce that the vectors of numbers aj, b} are exactly the
coefficients of the product of inputs u(¢)u(0) in the quadratic expansion of the state {(¢ + 1) at time ¢ + 1,
when considered as a functional in the sequence of inputs from time 0 up to time ¢. The numbers a}, b are
directly linked to the entries of the matrices {, ¢ in (10).

The following theorem specifies their properties as invariants:

Theorem 2.2. Consider the dynamics (3) (or equivalently (7)), then
(1) The list of numbers (14) do not change under quadratic transformations of the form (5), (6).
(ii) The list of numbers (14) are uniquely associated with the coefficients of the quadratic terms in the
normal form (10).
(iii) Given two dynamics of the form (3), with the same linearization (same ), they are quadratically
equivalent if and only if the lists of numbers (14) are equal.
The numbers (14) will be denoted as quadratic invariants.

Proof. (i) From (12), it becomes clear that quadratic transformations (5), (6) modify the quadratic part of
the drift f(.,0), the linear part of G)(-) and the constant part of GJ only. With reference to the invari-
ance of the af,b], it is an immediate consequence of the form of the transformations and the remark above.
With reference to the invariance of hgo], it directly follows from (12) since hgo,l_zzo. With reference to
the elements of I',}, B, it is a matter of computations to verify that, because of the definition of Gi’*z,
we get

0w PR

r
0z 0z0x,—»

and

0 06 G _

z

C 62f,5212(§’ /J, 0) _q3
ou : Opdx,— -

>
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where f 2 ]2(C 1,0) denotes the quadratic part of the composition n — 2 times of f. As @!?I({, ) is quadratic,
any second-order derivative is constant and invariance follows since,

2 2
*f Efty o, P i 1

=C, A - C, - =C,—==
0x,_20z 0x,_20z + léxn_z(')z 0x,_20z a7 0x,_20z

n—2[2]

C.

and noting that ¢!?! affects the last x,,_, component only.

The same argumentation is valid for C.0% /11 (, 1,0)/0udx, > =73, and C.0% £, p)/dzou = B.

(ii) The proof is done by induction showing that the vectors &’ (resp. () for /=1,...,n — 2 are suitable
linear combinations of the b}, ). From

0 0
Gllc:: f(éa K ) G]ffl
aC A—IC
we immediately verify for (k=1,...,n — 2), that G]f’[o] is the last column of the matrix 4% completed with

0 with (4%),,»= CZ_z_i =kl/n—2—-lk—n+2+1i) for i=n—2—k,...,n—2). Easy but tedious
computations enable us to further deduce the following formulae:

C.Gf = (1 C.Gf " +2[0,0,0"x1,...,6" 2x, 2]Gy M)
CxGlf = (A2CrG11{_l + 2[03 O’ é’lxla LR} Cn72xﬂ—2]Glf71’[0])|A;lx’

where (A_lx),-:zn (=1 x

Moreover, since G0 GO[O] B=]0,...,0, l]T, it follows that
oC.G(¢, 3G, G
btl :CZ[GO, th][O]: o 1 (C lu) and atl::Cvx[GO’ Gi][ 1 (C :u)
0Xp_> 0Xp—2

Further computations enable us to show that, for r < ¢,

C.[G;, G =4[, G = 45 C.[GY, G

GG, GO=C A (G, G = 45 ¢ [GY, G110
According to this, we immediately get for the first terms

leRens FileNehis

1 (Ca#)zzé,ﬁz:b% and 1 (C».U)chnfz:a%-
0Xp_> 0xXp—2

Working out the relations (15) for k > 2, we easily notice that the first occurrence of 6" '=* (resp. {"~!=%)
is in C.G¥ (resp. C,G¥) and that the coefficients &/ (resp. (/) are linear combinations of the 4}b|™" (resp.
Asai ™).

Let us illustrate this for the second-order terms. From (15), we get the equalities

A 21]
][O]:_ 0C.G;

C.[GY, GP.= e =24,6"2428"2 = 20" 3 =
n—2
(7C G
C [GO, GZ] = it .l U 2A2Z:n_2 + 2@11—2 _ 2cn—3 :a%,
Xp—2

with 4,C.[GY, G = C,[G}, G} = 4,b] and 4,C[GY, G111 = C[G!, G} = 4,al, thus obtaining
20" 3 =4,C.[GY, GO + C.[GY, G — C.[GY, GHI = 4,b} + B! — 12,

207 = GG, G + CIGY, G = GIGY, G = Aya} + a] — af.
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For the elements quadratic in u we immediately get

1 1

0 0[0 0

W' =p=-CGM", W=d)=_
2 2

(iii) is immediate recalling that two systems with the same linear part are said quadratically equivalent if

they have the same quadratic normal forms and thus the same invariants. []

.G,

3. Control design

The general procedure generalizes to controlled dynamics, the one combining the centre manifold theorem
and normal forms proposed in the literature in both continuous-time and discrete-time contexts with reference
to dynamical systems (see [23,10,12] and the references therein). It combines centre manifold techniques,
normal form and the use of second-order static state feedback to achieve stabilizability conditions. Briefly
speaking, the linear part of the feedback is designed to stabilize the controllable x-part. Then, the basic idea is
to suitably modify through the quadratic part of the feedback the manifold equation so as to ensure stability
of the closed loop reduced dynamics. Classical stability theorems of systems with bifurcations can be used to
conclude. It has to be noted that the control law is designed by solving a matrix inequality depending on the
quadratic invariants.

Let the overall quadratic stabilizing feedback be

M(C,,U):RIZ +R2X +R3:u + [Z Iu] be |:;:| + O(guu):;’ (15)

where Ry:=[r],r}], Rz::[rlz,...,rfl_z], R3::r13, are Tow vectors with constant entries (77 #0), and Q is a
square matrix of order 3.

First, the coefficients 7? stabilize the x-part, while the stabilization of the bidimensional z-dynamics is
achieved through centre manifold techniques [7]. More precisely, let R, be such that the matrix A4, +
B3R, has eigenvalues inside the unit disc. Due to the structure of A4, and B;, 4; + B,R, exhibits the
canonical form

1 1 0 0 0
0 1 1 o .- 0

Ay + ByRy = ,
oo o e L4

its characteristic polynomial is 2(1):=(4 — 1)""2 — S0 r2(h— 1)1,
3.1. Computation of the centre manifold

Let us determine the equations of the centre manifold x = I1(z, u). We first show in Proposition 3.1 that
the linear part in (z, 1) of the feedback (i.e. R|,R3) can be neglected.

Proposition 3.1. Given the linear closed loop dynamics
zt =4z,
X" =Aox 4 By(Riz + Ryx + Ry ),

there exists a linear coordinates change under which the (z, n)-terms are removed from the x-dynamics thus
getting

£ =4,z

xt = A»X + BaR)X. (16)
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Proof. Just set

Z=z,

Yi=xi+[p1 @2z + @3p,

Y=x+[p1 @214, —1d>)z,

Za=xa2+[p1 QA1 —h)' 7z,
with o3 =Rs/rf, [p1 @2]=—RiP™'(41 = h). [

Applying now the feedback (15) to the normal form (10), we write the centre manifold equation which
turns out to depend only on the quadratic part of the feedback. Due to Proposition 3.1, we will assume below
Ry =0 and R;=0 in (15).

The next theorem gives the explicit expression of the centre manifold.

Theorem 3.1. Given the quadratic feedback (15) then, in the coordinates defined in Proposition 3.1, the
centre manifold results to be quadratic with the ith-component given by

2] . i71~i71 z
P m =1z w(-1) Adﬁ;ﬂ(ﬂl)lﬂ], (17)

with Qg directly linked to 2, (through Eq. (20) hereafter), and Ad v(Y):=X —YTXY for all square matrices
X and Y.

Proof. Consider the normal form (10) and the feedback (15) and assume the centre manifold to be

m |z z 3
x=I(z,u)=11 +[z w2 +0(z, 1),
with ith component
xi:n£11[2}+z ,@H
Pl [z ] p
where for i=1,...,n — 2, the 2; are real 3 x 3 symmetric matrices, and I'Il[l] = [Hl[’ll] 1'11[712] HES]].

From the centre manifold equation x™ =1II(z", u), we get the equality

V4 V4

A12
>+[A12 #]bel ]
it H
i AT 0 A4 0] |z
:H+[zu]01:201M.

After easy computations performed on each component, it results that the linear part of the centre manifold
satisfies the conditions

A1 0

0 11|’

-2
m! +nzr?17[”+[R1 Ray—mt, |40
n—2 it n—2 1 5

i=1

(42 + BoRy) (H“] +lz w2

1 1 1
g =t
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and the quadratic part satisfies the conditions

N R n—2 )
2 =—Ad o (2;) — th}' Hl[l]TH,D] + 1 [Ri R3]+ Z C{H,U]TH,[I] ,
[o 1] ’ Rs =
Jj=i+2
n—2 N
Opp=240—» 172~ Adm 3y (2,-2). (18)

i=1

In conclusion, we get for i <n—3

i
A—-L 0
gt — ot 1 2
i1 = [ 0 0]:

n—2

Ar—L 0
S|
i=1 0 0

so that

Ay —L 0
HEU@([ 0 0]>=[R1 R3],

Ay — T Oi
1 n|Ar—n
U[]H[lll ]

i+1 0 0

For 72 #0, and from the expression of #(/) we finally obtain

P4, —L)' 0
mMY=[R, Rs] 0 E
"
A4-1 0]
(11 _ Il 1 2
I, = 1IT, [ 0 o] : (19)

Recalling (Proposition 3.1) the possibility of rendering the linear part of the feedback independent on z and
u (ie. Ry =R3=0), it follows from (19) that the linear part of the centre manifold can be removed, i.e.
I'[l[l] =0, for i=1,...,n — 2. This reduces (18) to

B = (1) Ad [ 0](20),
A7 0
0 1

4, 0] =2
2, — 29, O 20
zlo 1] ; (20)

Theorem 3.1 implies that, for any given matrix 2;, there always exists Oy, given by (20), so that the
associated feedback (15) yields a centre manifold satisfying (17).

Orp= [

3.2. Stabilization of Xys

In this section, we will give sufficient conditions for the stabilization of Xyg and we will design a controller.
Owing to the Poincaré—Andronov—Hopf theorem for maps, hereafter recalled, it will be proved that the stability
of the Naimark—Sacker bifurcation is determined by Q; and the invariants.
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Theorem 3.2 (Guckenheimer and Holmes [12]). Consider the dynamics in R?

Zl+ _ Z1 lII(Z]’Zz,/J)
Z; B zy ’

lIN’(Zl,Zz,M)
with ¢ #£ 1, for k=1,2,3,4; then if

cos(w) —sin(w)

sin(w) cos(m)

Y=cos() ¥y, + Pyuz,) + sin(@)(Vyzy — ¥z, ) #0,

a0,
where d is a constant as defined below, an invariant manifold bifurcates into either >0 or p <0,
depending on the signs of the non-zero expressions above. This invariant manifold, diffeomorphic to a
circle, is attracting if it bifurcates into the region of p for which the region is unstable (a supercriti-
cal bifurcation) and repelling if it bifurcates into the region for which the origin is stable (a subcritical
bifurcation).

d is a constant given by

(1 _ zejo))ef2jw

i=-NR 1_ejw

1 .
Ciiloo| — 7 1) = [Coal* + R(e %),

with

Go=3 (Wi — VYoo + 20 + 00 — Vo — 20}
On= 3 {0 + Vo, + 30, + 0.0}
COZ = % {Wzlzl - lﬁzm - Zl;zlzz +j(lpzm - &zzzz + 2‘/12122)}

(1= 1176 {‘/1212121 + ¥z + lpzmzz + ‘/jzzzzzz +j(¢212121 + lpzlzzzz —Vazn ~ Yo )}’

where R(-) stands for the real part of the function in the parentheses. For any analytic function A(x),
the partial derivatives, denoted by A, J,(x)::ﬁz/l(x)/éxiéx,-, are evaluated at the bifurcation point, i.e.
(z,11)=(0,0).

Substituting (17) into the z* dynamics of the normal form (10), one computes the critical coefficients d, ¥,
we have

d = H{(By} + 73) cos() + (373 — 71 sin(@))2in1 + (71 + 393) cos(@) + (33 — 71) sin(@)) 2122
H( +12)cos(w) + (73 — 71 sin(@))(2i12 + 2121) + Iz cos(@) + I sin(w)},
0 =2( cos(w) — B sin(w)), (21)

where

21 2z 23
2= 2121 2122 2123
2131 2 2133
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represents the first component of the centre manifold (set i=1 in (17)). It is directly linked to the quadratic
feedback through (20). Moreover, I, and I, are given by

3 3 3 A 3
I 53f£1] N 63f51] N a3f52] N 03f52]
0 02023 0z30zy 0z

3 3 3 3
[Nt SNt R A P A
: 62% 0zy 82% 62%522 0z5 ’
with

(3]
f[3] _ f 11
! A
12
the cubic part of the z"-equation in (10).
The next theorem is a straightforward corollary of Theorem 3.2.

Theorem 3.3. Given a discrete-time dynamics in the normal form (10), suppose ¥ #0. If one of the following
conditions is satisfied:

o I'1 =3yl +93)cos(w) + (3y) — y?)sin(w) £0,

o I =(y] +373)cos(w) + (3 — 7])sin(w) #0,

o I's=(f +73)cos(w) + (73 — 71) sin(w) #0,

there always exists a nonlinear feedback (15) that makes the Naimark—Sacker bifurcation supercritical
(resp. subcritical). Q is built according to (20), with Q| chosen to satisfy a <0 (resp. d > 0).

In conclusion, in the coordinate system given by Proposition 3.1, the stabilizing controller ' is given by (15)
b4 ~ z
ul ) =Rox+ [z plOs LJ +0(u), (22)
with 4> + B,R, Hurwitz, and O, given by (20). More precisely, when a supercritical bifurcation is required,
we have to solve the following inequality:
d=HI12001 + T210 + T3(2102 + 2121) + Tz cos(w) + I sin(w)} < 0.
Suppose I'; #0. A particular solution to this inequality is given by

I'. cos(w) + I sin(w)
I, ’

The other cases are treated similarly.

I;
21 =— op=—T2 2.0n=2121=— >

4. Conclusion

The stabilization of a discrete-time controlled dynamics with one complex uncontrollable mode is studied
using quadratic normal forms, centre manifold techniques and quadratic feedbacks. A procedure for designing
a quadratic controller is proposed. The present work can be considered as the discrete-time counterpart of [14].
Since Hopf bifurcations are transformed under sampling into the Naimark—Sacker bifurcations, it should be
possible to study supercritical or subcritical conditions over bifurcations under sampling. Work is progressing
in these directions.

IR, and R3 could be choosen to be equal to zero.
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