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Abstract

It is shown that incremental boundedness of an input-output operator ensures global asymptotic stability of any

motion. A reciprocal statement is set.
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1. Introduction

In this note, a link between input-output stabil-
ity and Lyapunov stability is given using the notion
of incremental gain. A well-known result of
Willems examines in a nonlinear context the links
between finite gain stability and Lyapunov stability
[16]. More precisely, in [16] it is proved that under
uniform observability and reachability conditions,
L,-gain stability ensures umiform asymptotic stabil-
ity of the equilibrium point associated with the null
control. In [8], a local version of this result is
obtained in the context of multiple equilibrium
points. In [5], it is shown that incremental boun-
dedness ensures asymptotic stability of the equilib-
ria which are associated with any constant control.

Hereafter, considering a nonlinear dynamical
system generated by differential equations, it is
shown that incremental boundedness ensures
asymptotic stability of any motion [7,21]. More
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precisely, incremental boundedness ensures that
under perturbations of the initial state and for any
prefixed input not necessarily constant the output
and state evolution asymptotically converge to the
unperturbed ones. Finally, a reciprocal statement is
given showing that uniform asymptotic stability
assumptions lead to incremental boundedness.

In fact, these results precise an intuitive concept,
not known in our opinion, concerning the role
played by input/output continuity in a nonlinear
context [4, 6].

After recalling some classical notations and
definitions in Section 2, the results are stated in
Section 3.

2. Notations

The notations and terminology, which are re-
called hereafter, are classical in an input—output
context [12, 20, 3, 8]. Denoting by E, the set of
real measurable n vector valued functions of
the real variable ¢, on R*, one defines L} =

(xe E||lx|l; < o) where ||x]l, = /[ x(£)Tx(t) dt
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and Ly® = {x|xe E|P,xe L3, VYte R}, its asso-
ciated extended space, where P, is the causal oper-
ator which truncates a signal at time 7. For the sake
of simplicity, one sets ||u|l,.. £||P; ull,.

Definition 2.1 (Desoer and Vidyasagar [3] and Hill
and Moylan [8]). An operator H, defined from
L% °into L% *, is weakly L;-gain stable if there exist
finite non-negative constants y and f such that
IH(uw)|l2 < yllull; + § for all ue L5, Its gain co-
incides with the minimum value of . When f =0,
the system is said to be L,-gain stable and ||H]|;,
will denote its L,-gain.

Definition 2.2 (Desoer and Vidyasagar [3]). An
operator H, defined from L7 into LY *, has a finite
incremental gain if there exists a finite non-negative
constant # such that || Hu; — Hu,||, < nlluy — 4,2
forall uq, u, € LY. ||H|| 4, the minimum value of #, is
called the incremental gain of H.

Definition 2.3 (Desoer and Vidyasagar [3]). An
operator H, defined from L7-° into LY, is in-
crementally stable if it is stable, i.e. it maps L% to L3,

with a finite incremental gain.

Definition 2.4 (Willems [15]). Given a causal op-
erator H, defined from L% into L%, let u, € LS and
assume there exists a bounded linear operator
DH|, from L% into L} such that

H(uo + h) = H(uo) + DH|,,h + a(h)||h]|,

with limy,,, _olla(h)||; = 0, then DH|,, is called the
linearization of H at u,.

Let H be a causal operator from L7 ° into L%,
then the operator DH|,, from L7"¢ into L% ° is
called the linearization of H at u, if, it is linear and if
forall Te R, PrDH|,, is a linearization of P H at
Prug.

Let H,_ be the input output map, defined from
L% ¢ into L%, associated with the state space rep-
resentation

X(t) = f(t x(t), u(t)),
y(t) = r(t, x(t),u(t)), (1)
X(O) = xOr’

where u(t)e R™, y(t) € R?, x(t) € R" and the input
signal u belongs to L} °. Moreover, f, r are sup-

posed sufficiently smooth such that the system is
well-defined, ie., Yue L), x,, € R" the solution
x(-)is unique and y e L%, ¢:R* xR"x L3¢ > R"
denotes the state transition map of H, .

The unperturbed motion associated with a par-
ticular input u,(t) is denoted by x,(t); it is the solu-
tion of the differential equation (1) under the input
u,(1), initialized at x,, (i.e. x.(t) = @(t, xqp, 4,(1))).

Definition 2.5 (Hahn [7] and Zubov [21]). The
unperturbed motion x,(t), is said to be uniformly
asymptotically stable in the sense of Lyapunov if for
any ¢ > 0, there exists é(g) > 0 such that for all
t = 0 and ||xy — x¢,}] < J, one has

lfeolt, xo, u, (1)) — x, ()]} < &
and

lim ”(p(tv Xo, ur([)) - X,.(l)“ =0.

t—x

If these two properties hold for any x, € R", the
unperturbed motion is called globally uniformly
asymptotically stable.

We recall that a function #, from R* to RY, is of
class K if it is continuous and strictly increasing
with %(0) = 0. Moreover if lim, ., a(x) =+
then « is of class K.

Definition 2.6 (Willems [16] and Hill and Moylan
[8]). A state x, is called uniformly observable if
there exists a function a of class K such that for
any x; € R" — {x,}, there exists a constant T >0
such that

lI7(t, (2, x1, 0), 0)i3. = alllx; — Xoll).

Definition 2.7 (Willems [16] and Hill and Moylan
[8]). The state space is reachable from x, if, for
every x; € R”, there exist a finite time T > 0 and
u.€ L7 ¢ such that

X1 = (P(T; X0, uc)'

Moreover, the state space is said to be uniformly
reachable from x, if there exists a function x of class
K such that

“uc”%,r < a(llxg — Xoll).
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3. Incremental stability and stability of the motion

Before stating the main result of this note, let us
associate with the input u,(t) € L}<, the input-out-
put map

yG“Gxo[ura .Vr]( ) Hx(,(u +“)—J' (2)

where y, = H,_ (u,).

In [5], the incremental gain of G, [u,, y,] is
linked to the incremental gain of H, . More pre-
cisely, one has

Lemma 1 (Fromion et al. [5]). If H,, has finite
incremental gain then, for any u, € LY ° and y, € L% °,
Gy, [, y,] has the same finite incremental gain.

Proof. Recalling that [15, Theorem 2.1] the Lip-
schitz constant of an operator H on L, or on the
extended space LS are equal, one has for all
Uy, uy e Ly

| Hx, (1) — Hy, (u2)ll2 < nlluy — sl

and for all uy, u, e LT°,

| H, (1) — Hy, (u2)ll2, 7 < nlluy — 2l2, 7,

VYTeR".

In our case, for any u, € L}"° and y, € L5 “, the last
inequality can be rewritten as

”(on,,(ur + ul) - yr) - (HxO,(ur + uZ) - yr)”Z.T
<lluy —uzllz 7

for all u,u,ely and all TeR™, so that

Vul, U, € L’Z"’

HGx, [ura yr] (ul) -

which achieves the proof of Lemma 1. [J

Gx,[ur’ vl @)z < nlluy — usll;

Let us now state the main result of this note.

Theorem 1. Let H,  be given with finite incremental
gain. If Gy [u. y,] has an equilibrium point uni-
Sformly observable and a state space which is uniform-
ly reachable from it, then the unperturbed motion
associated with u/t) is uniformly globally asymp-
totically stable.

Proof. The proof works out showing that a pos-
sible state space representation of G, [u,, y,] is the
one associated with the difference between the per-
turbed and the unperturbed motions. Then, using
Lemma 1, we prove that G, [u,y.] is L,-gain
stable. Classical arguments concerning the link be-
tween L,-gain stable and Lyapunov stability are
used to conclude.

Let us build a specific state space representation
of Gy, [u,y,]. For this, let us define the new
variable

X(t) = xr(t) + )E(l‘), u(l) = ur(t) + u(t)7

so that the differential equation satisfied by x(t) is
given by

{f(t) = F(t, x(1), u(t)),

x(0) = xp — Xor,

(3)

with

F(t, %(2), a(t)y 21 (%(t) + x,(t), (1) + (1))
—f(xr(t)’ ur(t))~

Let us now consider the following readout
function:

re(t, X(1), a(£)) 2 r(X(t) + x, (1), a(t) + u,(t))

- r(xr([)a ur(t))a (4)

so getting a specific state space representation of
G, Lu,, y,] because

ye = rolt, X(2), u(t)).

On these bases, because x = 0 is the equilibrium of
(3) (i.e. F(t,0,0) = 0), to show the asymptotic stabil-
ity of X = 0 is equivalent to show the asymptotic
stability of the unperturbed motion of H, [8, 21].

Let us now prove that X = 0 is a uniformly glo-
bally asymptotically stable equilibrium point of
G, [, y.]. To prove the L, stability of G, [u,, y,]
we use the previous lemma which ensures that

” Gxo, [ur’ yr] ( ) Gxn [ur’ yr] (Uz)nz

provided that the incremental boundedness of H, ,
1e., 3y > 0 such that ||[H, ||, < 7.

By definition, G, [u,.y.] is unbiased, ie,
Gy, [, y,1(0) =0, thus G, [u,y] is L, gain
Stablea i-e-v || Gx(,, [urs yr]( )”2 ’7”“”2

nlluy — uzll2
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Finally, because the assumptions ensure that
x = 0 is uniformly observable and that the state
space is uniformly reachable from x = 0, arguing as
in Theorem 3 in [16], one concludes that the unper-
turbed motion is uniformly globally asymptotically
stable. [

Corollary. Under the assumptions of Theorem 1, the
output is uniformly globally asymptotically stable;
ie. for ¢ >0, there exists 3(e} > 0 such that for all
t =20 and ||xy — xq,|| < 8, one has

“on(ur(t)) -

and

Hy, ()l <

lim || H (u,(1)) —

—x

onr(ur(t))” = 0.

Proof. G, [u,, y,] is incrementally stable, thus
Theorem 1 in [16] ensures that there exists a
Lipschitz-continuous readout function. Simple
manipulations on the norms enable to conclude. [

Remark. Infact,if G, [u,, y,] possesses an equilib-
rium point uniformly observable and a state space
which is uniformly reachable from this equilibrium
point, the corollary ensures uniform global asymp-
totic stability of the output map for any dynamical
system with a finite incremental gain.

Let us now discuss the reciprocity of Theorem 1.
For this, we assume that f and r are uniformly
Lipschitz and differentiable. Furthermore, the jac-
obian matrix df/dx is assumed locally Lipschitz
uniformly in 7. Then the following result can be
proved.

Theorem 2. If for any input, u,(t) € L7T*, the asso-
ciated unperturbed motion of H, is uniformly
asymptotically stable, then H, has a finite in-
cremental gain.

The proof of Theorem 2 is based on the fact that
the uniform asymptotic stability of the linearization
is ensured by the uniform asymptotic stability of
the nonlinear system.

More precisely, consider the nonlinear nonauto-
nomous system

X(t) = f(t, x(1)), &)

where f:R* x Uy > R" is continuously differenti-
able and its derivative is bounded and Lipschitz on
U, with Uy = {x|||x]| < 1o}

Lemma 2. If the equilibrium point of the nonlinear
system (5) is uniformly asymptotically stable then the
equilibrium point of

x(t) = A(t)x(1)

with A(t) = df (t, 0)/0x is uniformly asymptotically
stable.

Proof. Because of the uniform asymptotic stability
of (5), there exists [10,7,9] a Lyapunov function
V:R" xUy— R which verifies the following
properties:

(@) ay (|| x]]) <V, x) < ez (J] x1]),

(if) oV/ot + (OV/ex) f(t, x) < — a3(|x]]),

(iin) [leV/ox|| < aa(l|x])),
where the o; are class K-functions defined on U,,

Let us rewrite f as the approximation

x(t) = A(0)x(e) + g(t, x(1)).

The mean value theorem ensures that there exists
£ belonging to a line segment connecting x to the
origin such that

oft, &)  éf(t,0
gt o) = (LD L0,

The Lipschitz assumption on the jacobian matrix
of fensures that there exists L such that

H(‘W 2 d )“ Lix]lizl,

so Ve, there exists d(¢) such that

llgle. )l < ellx]] VxeU,.

with U, = {x|]|x]| < d(¢)}.
Condition (ii) above ensures that

oV

% %
o + EA(I)X < —a3(llx|) - —G;g(t’ x)

and because of (iii), one gets the majoration

GV 6V

o T Ax < —aa(lix) + aadlixi)ellx]l.
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Because 23 and ay are class K-functions, there exist
&, > 0 and a class K-function, «s, such that Vx € U,

x|).

It results that for r, = min{r,, d(¢,}}, one has on
Uy = {x]llxll <rof,

— a3 (llx|D) + audllxIDegllx|l < — as(

av v
- _..I_ —
ot Ox

A(t)x < — as(lIx]))

and thus one concludes the uniform global asymp-
totic stability of the linear system. [J

Remark. If we add in Theorem 1 the assumptions
that f and r are uniformly Lipschitz and differenti-
able and that the jacobian matrix Jf/dx is locally
Lipschitz then we can claim that the unperturbed
state motion is not only globally uniformly stable
but also locally exponentially stable.

Proof of Theorem 2. The assumptions ensure that
H,  admits a linearization for any u,(t) e L3, so
that we can consider its linearization along
u(t)e L5 ° and a possible state space representa-
tion is given by

Ax(t) = %(t’ X, (2), u.(1)) Ax(t)

+ Lt x0), w0 (),
ou

Ay(t) = g—r(t» x,(1), u (1)) Ax(t)
Ix
or
+ (&, x,(2), u,(£))Au(t), (6)
Cu
Ax(0) = 0,

where x,(¢) 1s the solution of system (1) under the
input u,(t) with x(0) = xq,, Au(t):=u(t) —u,(t),
Ax(t)= x(t) — x,(t) and Ay(t):= y(t) — y,{t).

Now, recalling Lemma 7.1 in [15] which links
the incremental gain of a nonlinear operator with
the L,-gain of its linearization according to

IHy,,|

A= Sup “Don,
uel?

u ”iz

and recalling Theorem 3.1 in [19] which claims
that a uniformly asymptotically stable linear sys-

tem is L, gain stable, we can conclude using
Lemma 2. [

4. Conclusion

A link between the input-output stability and the
internal stability has been pointed out in this note.
The direct and reciprocal results clarify in in-
put/output terms the requirements attached to
some classical control techniques as gain schedul-
ing control. More generally, they point out the role
played by input/output continuity in a nonlinear
context.
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