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Approximated Solutions to Nonlinear
Discrete-Time H_,-Control

H. Guillard, S. Monaco, and D. Normand-Cyrot

Abstract—1t is shown that there exists an analytic solution to the
discrete Hamilton-Jacobi equation arising in the nonlinear discrete-time
H . -control problem if and only if the H..-control problem associated
to the linear approximated system is solvable. Starting from the solution
of the Riccati equation associated to this linear problem, we show
that the nonlinear solution can be computed at any desired degree
of approximation. On this basis the control solution can be computed
iteratively.

1. INTRODUCTION

Following the current literature on nonlinear H.o-control, the
present note studies the problem of computing approximated solutions
in a discrete-time context.

As is well known, in continuous-time H-control {1], [11], [19],
with reference to dynamics affine in the inputs, the feedback control
law can be directly computed from the solution of a particular
type of Hamilton—Jacobi equation. When the dynamics are generally
nonlinear, the Hamilton—Jacobi and controller equations are mixed
up, providing an implicit characterization of the solutions [12]. This
situation always occurs in a discrete-time context [3]; even if the
system’s equations are affine in the inputs, the control law can only
be implicitly characterized.

Based on the results in [19], regarding the analyticity of the
continuous-time solutions and following an approach proposed in
[14] (see also [15]), polynomial approximations are used in [12],
[13], and [17] to set an iterative procedure for solving simultaneously
the Hamilton-Jacobi and controller equations. The same basic idea
is here developed in a discrete-time context in the full information
and state information cases.

After proving the existence of a solution based on the invariance
properties of an associated Hamiltonian system, a procedure for
computing the solutions at any desired degree of approximation is
proposed making use of some algebraic tools introduced in [16]. The
present work thus proposes a discrete-time counterpart for several
results of [12] and [19]. Preliminary results on this subject are in [8].

Algebraic preliminaries and the problem statement are given in
Sections II and III, respectively. The existence of a solution is shown
in Section IV while the computation of an approximated solution is
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developed in Section V. Some technical manipulations are reported
in the Appendix.

II. ALGEBRAIC PRELIMINARIES

Consider an affine nonlinear discrete-time dynamics on R, zx41
= xx + A(zr) + Bz Ui, where Ux € RP. A(z) and B(x) are
matrices of analytic functions of appropriate dimensions, with series
expansions A(z) = %i>; All(z) and B(z) = Tizo BY(z), where
()f(2) denotes a homogeneous polynomial of degree i in = or a
vector of such polynomials.

Given V(z) any analytic function from R"™ to R and U(z) any
analytic regular feedback on R", let their expansions be

U) =S U z) and V(z)=> V(). 6

i1 i>2
Setting A(z) £ A(z) + B(z)U(z), one obtains
T+ A@) =2+ A )
i>1

with
Alz) = A% @) + 3 BY @l =N z),  i> 1
=0

To introduce the main algebraic tools used in this paper, let us
recall the definition of the tensorial product of matrices. If X is a
n X m matrix of elements (z;;) and Y is a k X [ matrix, then X @ Y’
is a nk X ml matrix defined as

1Y TimY
Xoy2 :
wnly man

According to the usual Lie derivative definition
L2 Y 2 0a
i=1 af]);'

where A;: R® — R denotes the ith vector component of A, one
defines the tensor of Lie derivatives

8%y 2 — (VAA;
K02 3 g A
where A; A; is actually the ((i—1)n-+j)th component of the tensorial
product A® A = A%? (remember that A®? is a vector of dimension
nz). Let, as in [16], the exponential Lie series A4 be

A A 1 o
Aa = expg La :I+Zi—'L§
>1
where I represents the identity operator. It can be easily shown that
the operator A is linear, namely A a(Zi>2 VY = S50 A4V,
Moreover, because of the commutativity of the tensor product, one
has

Ay, (Al BE- 1)

&
= H A 44 Bli-1y
i>1

:AA[1]+B[°]M®"'®AA["]+B“_1]U®“" 3
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Considering now the composed analytic functions V(I + A),
3V /dx|r+a- B, and BT (8°V/8a?)|r4+.4- B, their series expansions
are set in Lemma 1.

Because of the definition of A and expanding these composed
functions in powers of A, one easily gets the equalities

VI + A) =AaV),

1%
e B=A4®Lp(V) and
) I+A
2
line, BTaZ ‘B =A4® LE(V)
dw I+ A

where line, is an operator which transforms matrices into row
vectors, ie., if L is a m X p matrix whose lines are denoted by
Li,i =1,---,m, then liney(L) is a line matrix of dimension mp
defined by line,(L) = [Ly -+ L)

Now substituting (2) and (1) to I+ A and V, respectively, taking
into account (3) and regrouping terms of the same degree, the required
expansions are obtained.

Lemma 1: The following equalities are satisfied

V(z+A(z) =Y VV(z),

i>2
‘Z—V ‘B(a)= Y WW(z), and
T ot A=) i>1
2 -
line, (BT(:E) % . B(m)) = ZYU] (z)
A=) >

with
f/[ﬂ(x) — Zpi(v[hz](gt))’
i=0

WU](J,‘) — ]i Qi(V[j_i](x)) and

i=—1

7—2
Y[]](x) — Z ﬂ(v[]—z](z)).
=—2
P;,Q;, and T; are formal operators defined in the Appendix, of
order ¢ in the sense that they associate to any polynomial of degree
j in z a polynomial of degree ¢ + j in z.

II. PROBLEM FORMULATION

Consider the affine nonlinear system
zhy1 = Alzr) + B(zp) [Z’:]
21 =Caza) + D(z2) {Z:J @

where B(xz) = [B1(2) Bz2(xz)], D(z) = [D11(z) Dia(z)]. z € R™ is
the state, the inputs are represented by w € R™! (exogeneous input)
and v € R™? (control input), and the output by z € RP! (tracking
error).  and w are supposed to be available at every instant & (full
information case).

The matrices A(z), Bi(z), Bz2(z), C1(z), D11(z), and Diz(z)
are analytic mappings of suitable dimensions defined in a neighbor-
hood of z = 0 in R™. Standard assumptions are the existence of
an equilibrium in 2o = 0, i.e., A(0) = 0 and, provided a suitable
change of coordinates, C;(0) = 0.

For convenience, one denotes R(z) = DT (z)D(z) — [721 %] and
S(z) = C¥ (2)D(x), which are also analytic mappings.
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The problem of disturbance attenuation via “full  information”
feedback can be expressed in the following terms: find a control
u = u(z,w) achieving:

1) Local asymptotic stability of the equilibrium zo = 0 and

2) Disturbance attenuation in the sense of making the Lo gain of

the closed-loop system less than or equal to a prescribed real .
number -y > 0, i.e., satisfying the inequality
N N
Doz <Yy wiwk VN 20
k=0 k=0

for every sequence w = (wo,ws, - -) such that the resulting
trajectory remains in a neighborhood of zg = 0.
This problem has been recently studied in [3], [5]-{7]. In [3], a
general solution is given.
Let V(z) be a function from R™ to R. Let i 2 [] and define
in a neighborhood of (z,U) = (0,0) in R™ x R™ ™2 3 function
H(z,U) by

H(z,U) =V (A(z) + B(2)U) — V(2) + C (2)Ci ()
+ 28 (@)U + U R(z)U.
The following result has been stated.
Theorem 1 [3]: Suppose there exists a C* (k > 2) positive

definite function V' (z), locally defined in a neighborhood of z =0
in R™, such that:

H1) Rsz>0 and Ry — Ri2Fop Boy <0, where the four-blocks
matrix R is given by

ra .21.22713 = RO %BT(O) 21‘2/ _BO).
H2) The discrete Hamilton—Jacobi equation
H(z,U"(z))=0 - (%)
is satisfied, where U/*(z) (with Z/*(0) = 0), is the unique
solution of the equation
2—5 e 0. 6)
H3) The system zxi11 = A(zg) + B(zr) U™ (zx) is.locally

asymptotically stable around z = 0. Then, the control
@z, w) =[Raz (2)Bor(2) U (2) = B (2)Bas (2w
)

solves the problem, with

B(e) = R(z) + %BT(@% B(a).

A=)+ B(2)U* (=)

Setting A*(z) £ A(z) + B(z)U* (), (6) and (5) turn out to be
v
= « B(z) +25(z) + 2u*T (2) R(z) = 0, ®)
Flar)
V(A* (@) = V(2) + CF (2)Ci (2)
+ 28 (2)U* (z) + U (2) R(e)U* (z) = 0. ©)
For reaéons that will be explained in the sequel, one looks for a

positive definite function V() satisfying stronger hypotheses than
those considered in Theorem 1, precisely H3'):

H3’) .’,E]g+1 =
z = 0,

A*(zx) is locally exponentially stable around
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instead of H3. If such a function exists, we will say that the nonlinear
problem is solvable. As a consequence, the problem here addressed
is the following.

Problem Statement: Find necessary and sufficient conditions
which guarantee the existence of an analytic positive definite function
V(z) satisfying H1), H2), and H3'), and set an iterative procedure
for computing polynomial approximations at any desired degree of
V(z) = 52, VI¥(z) and U*(2) = B3, U (2).

IV. THE EXISTENCE OF A SOLUTION TO THE
DISCRETE HAMILTON—JACOBI EQUATION

All the matrices describing system (4) being analytic, one can
set A(z) = Sz AY(e), B(z) = Sizo B(2), Ci(2) = Zix
(), D(x) = Siso D(2), S(z) = Ti>1 SU(z), and R(z) =
%0 RU(z). Furthermore, one denotes A(z) = Az, B (z) =
B = [B1 B2}, C&l](.’[) = Cll‘, D[O](l’) =D = [D11 Dlz],
SW(¢) = 27§ = «TCT D, and R(z) = R= D™D —[;' ).

According to these expansions, the linear approximation of system
(4) is given by

Tp41 =Azr + B {wk}
Uk

2 =Chzy +D[’”"]. (10)
U

The following assumptions on the linearized system will be recalled
in the sequel:

Al) rg(Di2) = ma.

A2) A — BR™*DT(; is nonsingular.

We will say that the linear approximated problem is solvable if the
following condition holds.

There exists a (necessarily unique) matrix Xoo > 0 satisfying the
Riccati equation

ATXA— X +CTC — FF(R+ B*X.B)F =0 (11)

where F = —(R + B"X.B)™' (BTXoA + 87) is such that
p(A +BF) <1, and there exists a nonsingular matrix T’ = [ﬁi T°2 N
satisfying R + BT XooB = TTJT with J = [ 9.

These conditions are necessary for the existence of the nonlinear
function V' (z), as shown in the following proposition.

Proposition 1: Suppose there exists a C? positive definite function
V(=) satisfying H1), H2), and H3'). Then the linear approximated
problem is solvable, and 2X .. is the Hessian matrix of V() at
z = 0.

Proof: Denoting
A 1 0%V

A A oU*
P=3557

=0 =0

H3') implies that A + BFp is stable, and it is straightforward to see
that under H1), the matrix

o 2]
Too Ry Ror T2
with Ty, and T2 such that
' ”T1T1T11 = Ru - Elzﬁ;llﬁm,
THTz2 = Raz
satisfies R + B PB = T" JT.

Besides, differentiating (9) two times and setting = 0 in the
resulting equality, one has

ATPA-P+CIC+ FE(R+ BTPB)Fp

+ FE(BTPA+ ST)+ (ATPB + S)Fp =0. (12)
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In the same way, the differentiation of (8) leads to
(A+ BFp)'PB4+ S+ FER=0
i.e., since R + BTPB is nonsingular
Fp=—(R+B"PB) " (BTPA+57).
Combining this with (12), one recovers (11)
ATPA-P-FE(R+B"PB)Fr =0
and thus the linear approximated problem is solvable. A matrix
satisfying such conditions being unique, one has P = X . | |
When X, > 0, the solvability of the linear approximated problem
is also sufficient for the existence of a solution. For, consider

the Hamiltonian function H(x,p,{) defined in a neighborhood of
(z,p,U) = (0,0,0) in R* x R* x R™1+™2, by

H(z,p,U) =p" (A(z) + B(z)U) + CT (2)Ci()
+25(@)U +UT R(x)U
and let us denote
G(z,U) & CT (2)Cy(z) + 25(x)U + U" R(z)U.

From the standard assumptions made in [3], R(z) is nonsingular.
Then, the related Hamiltonian system is given as usual by

— T
i = 2 13)
TroPrt1 U (BgoPrg1)
—
H
=22 B (14)
z TpPrt1U (BrsPg1)
where the control
U (z,p) = - 4R (x)(BT (v)p + 25" (2)) (1s)

satisfies the necessary condition of optimality, i.e.,

OH
— =0.
MU |, 57" (2.0)

On these bases one can establish the following result.

Theorem 2: Under A2), if the linear approximated problem is
solvable with X > 0, then the Hamiltonian system (13)-(14) has
a locally defined analytic n-dimensional stable invariant manifold
which can be described by (z,8V/8z) where V(x) is an analytic
positive definite function satisfying H1), H2), and H3’).

Sketch of the Proof: (See [9] for a detailed proof.) Using the
implicit function theorem, one can argue as in [8] to prove that,
under A2), there exists a function P(z,p), with P(0,0) = 0, such
that (13)-(14) can be described as
om|"

OP oy, Pk o) U (2 PCzip)
Pr+1 = P(2k, Pk)

Tk+1 =

(16)

or, considering its linear approximation and using a suitable change
of coordinates, as

Yk+1 A+ BF 0 ue | Y
= _ 17
[Qk+1:| [ 0 (4+BP)" | g | T\ | an
where () collects the nonlinear terms. Then, one shows that, for
any 2n-dimensional vector v, the ecuation
k—1 :
8(k,v) =Us(k)v+ Y Us(k—i = Drar(8(i,v))

i=0

o0
_ Z Us(k—i— 1)ra(8(i,v))
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where
_[(4+BF)* ¢
Ul(’“)__ [ 0 0
and

Us(k) = [g [(A+B?F)‘T]k]

has a solution §(k,v) which is analytic in v and satisfies (17).
Moreover, for all v,8(0,v) satisfies the following equation of a
n-dimensional manifold S, i.e., ¢ — g«(y) = 0, where, denoting as

Vi, -,y the first n components of v
+oo

Q*(Ul,"',’Un) = —(Z Uz(—i - l)TM(H(i,’U)) .
=0 n4j J=1,n

Then one proves that a trajectory of (17) initialized in S remains
in S and converges asymptotically to zero. .

In the (x,p) coordinates, S is characterized by the equation
» — p«(2z) = 0. By first showing that the function

“+oo
Vie) 2 Y Glaw, U (wx, P(ax, pa(21))))
k=0
where zj is the solution of (16) with py = p«(zx) and zo = z,
is such that

V.
Bz P« ()

one deduces that V(z) and I (z) A (z, P(z,0V/8z)) satisfy
(8) and (9) together with
2V
Ox?

ou”*

z

=2X. and
=0 =0
|
Remark 1: The reason why H3') is considered instead of H3)
is the following. To prove the existence of a solution to the dis-
crete Hamilton—Jacobi equation, one makes use of the fact that the
Hamiltonian system (13)-(14) has a n-dimensional stable invariant
manifold. This requires the existence of the stabilizing solution of the
Riccati equation (11). Such a solution exists only if the symplectic
matrix which describes the linear approximation at z = 0 of the
Hamiltonian system in the form (16) (or the corresponding symplectic
pair if A2) does not hold) has no eigenvalue on the unit circle
(see [10] for details). In this case, the corresponding solution to the
discrete Hamilton—Jacobi equation and the resulting function U*(z)
are such that A + BF is stable and thus system zx4+1 = A™(2x)
is exponentially stable. When the symplectic matrix has at least
one eigenvalue on the unit circle, however, and as a consequence
there is no solution to the linear approximated problem, there may
nevertheless exist (but we do not know how to prove its existence) a
solution V() to the discrete Hamilton-Jacobi equation. As it can
casily be seen, the manifold (z,0V/dz) is in this case still an
invariant manifold of (16) but not the stable invariant manifold.

V. How 10 COMPUTE THIS SOLUTION
AND THE ASSOCIATED FEEDBACK

Rewriting (8) and (9) in terms of the operators presented in the
introduction and decomposing A*(z) as z + A(z) for convenience
of notations, one obtains

Az ® Lp(V)(z) +25(z) + 2T (2)R(z) =0,  (18)
Az(V)(@) = V(z) + C(z)
+ 28 (2)U* (z) + U™ () R(z)U* (z) = 0 (19)
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where C(z) = CT (x)C1 (z). Bxpanding C(z) = £2, C(z) with
Cclil(zy = Bt Cgk]T(z)C'Ei*k] (z), substituting this expansion as
well as those of V' (z) and U™ (z) to the corresponding terms into (18)
and (19) and regrouping terms of the same degree in z, it leads to

k .
> (Qica(VETH (@) 4 2T (@) RE )y

=1 .
+ 25" (z) =0, 20)
k—1
S (B (VE () 4 250 (@) ()
=0
k—i—1 ) ) o
+ Z L{*{’H]T(x)R[’](x)Z/[*[k""_J](x))
3=0 ’
+CFHE) VPG =0 vE>1. @D

Equations (20) and (21) provide an iterative procedure for com:=
puting the control law, as shown in the proof of the following
proposition. ‘

Proposition 2: If the linear approximated problem is solvable,
then (20) and (21) are solvable Yk > 1. Moreover, under Al), control
(7) can be computed at any desired degree.

Proof: First, we define for convenience

jké{jz,js,'--,jk:j2+2j3+...+(k_1>]-k:k}_

One immediately observes that, at the first step (for & = 1), (20)
and (21) restore the linear case, that is

Q-1(VB(2)) + 27 (2) RO () + 251 () = 0,
Po(VP(2)) + 25M (@) (z) + 1 M7 (2) B (2)00 T ()
+ () — VP(2) = 0.

Computing 2/* from the first equation and substituting it into the
second one, one obtains the Riccati equation (11), for which there .
exists indeed a solution. As a consequence, one has V12 (z) =T
Xooz and UM (2) = —(R(2)) " (BT X0 A +SMT(2)) = Fa.

For £ = 2 in (20) and (21) one may conclude that the computation
of VI will require the knowledge of /*? and the computation of
U the knowledge of V%), After a precise analysis, however, one
verifies that the coefficient of U/*[? in (21) for k = 2.is equal to
2(B" X oo (A+ BF)+ RF +S)z and thus is equal to zero: It results
that V1 can be computed from V1% and 2/*I") according to (21) and
then 4" from VI and 1/*1! according to (20).

The same arguments work for & > 2. In fact, standard manipula-
tions of the operators ¢J; and R; in (20) lead, at the generic order
k, to

MM (z) + 20 ™7 (2)(R+ BT X0 B) =0

where M¥1(z) depends on Wi (), , 1t (z) and V12 (),
<o+, VIH1(2) only. More precisely, one has

M (@) = M (@) + MY @) + M (a)

where
A k_l 3 e R
M) & 3 (Qica (VT @) 4 20T () R (),
=1 .
A k—2
M) & 3 P ® Lypeion (V2 (@) + 25W ()
=0
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and

MM@) 2 A @

1 ®j
Z 2l !LX[;J

2! 1
Tk—1 J

®Jk—1

@+ ® LT + Lo | © Loy (VI (@)

with A (z) & AF(z) + At BFI (o (a).
Since R + BT X B is invertible, one obtains

which shows that (20) can be used to compute iteratively /™ (z).
As far as the computation of V*+11(z), appearing in 20**1(z),
is concerned, analogous calculations show that it can be computed
directly from (21) since the coefficient of Z/*[*l in (21) is equal to
2(B¥X.(A + BF) + RF + S)z = 0 because of the expression
of UM (z) = Fe.
Manipulations on (21) give

V(4 + BF)2) - V(o) + NIy =0 (23)

where N**1(z) depends on VI (z), -, V¥(z) and ui(z),

-,Z/{*[’“_l] (z) only. More precisely, one has
N () = N @) + M (@) + N ()

where
. A k—2 )
M@ = 37 (H(v[’“ﬂ*”(w»
i=1
+ 28+ gy o= ()
k

—i—1
+ Z U*[i+1]T(;u)R[j](x)U*[k"ij](a:))

j=0

N () 2 25™ (ap ) + @)

+ZU (i

R[] (x)Z/{*[k 3] (z)
and

1],y A 1 ®j2
Ny T i(x) = AZD] ® ng jz!"'jk—l.LA[2

‘@ LET) + L/sm) (VB (@)

According to this, one can compute recursively VI (z) from
(23) and then U*I¥! (z) Yk > 1 from (22) using the sequence

U*[l] (x)7 V[Z](‘t)a V[a}(x% U*[Z] (Z), Ty V[k] (.I), U

which is computed at the previous steps.
The remaining problem is to discuss the solvability of (23).
Reminding that any homogeneous polynomial P(z), of degree
i in z, can be written as P(z) = P; - +® where P; is a line
vector of dimension n', one sete VIt (2) = Viyy « 2®F+ and
NEF(2) = Niyy - ®k+1 Equation (23) becomes

Vie1((A+ BF)®FT - 198y = _ Ny,

*[k—1] (x)

By definition I®** = I k41 ,%+1, and the assumption p(A +
BF) < 1 implies p((4 + BF)®"+1) <1 so that (A + BF)®*+! _
I®*+1 ig invertible (putting A + BF in its Jordan form one can
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)®k+1

immediately see that every eigenvalue of (A+BF is a product

of eigenvalues of A + BF'). As a consequence

V[k+1]($) =Nk+1(1®k+1 —(A+ BF)®k+1)-—1 Pl

24

From these formulas one can deduce an approximation of the
control solution. Indeed, considering, instead of (7), the equation

[Rai(z) Rao(z)U™(2) — Ran(z)w  (25)

and rewriting #(z, w) = ¥1(x) +u2(z)w, to solve (25) is equivalent
to solve

Rz (e)u(e,w) =

Raz(2)u1(z) = [Ra1(z)  Raz(a)U"(2)
and
Ezz (z‘)ﬁz (w) =
Since Ro2 = DI D1y + BY X0 Bs is invertible, it is easy to see
that, after expanding the different entities and regrouping the terms
of the same order, one has

—Rzl ($)

#(z) = ;1<Z[Rm l@) B Yo

1

- ZR““ 1(w>ﬁ£“<w>>,
+ Z R[k 7]

1=0

(26)

W (2) =Rz <El —“](x)> @7

1 (2) = ZDH Di(z)

+ line,, (Z TEQ(V[’“*”(;U))),
t=—2

e ZD“‘ () Dl (=)
e )))

+ lmeml ( E T21(V
1=—2

where T7? and T?' are operators defined in the Appendix.

One thus can recursively compute @ *l starting with

w(z) = NFs and @'(2) = ~Fz R

which provide the linear control solution. ]

Remark 2: If only state information is available, it can be proved
([3]) that assuming

H1’) Ra2 >0 and Ry <O.
instead of H1), the control T(x) = u* (&) solves the problem. So, the
control solution is directly given at any desired order by (26)—(27).

Let us now announce a result which summarizes the entire dis-
cussion.

Theorem 3: Given system (4) with A(z), B(z), C1(z), and D(x)
analytic, suppose its linear approximation at 2 = 0 satisfies Al) and
A2). If the linear approximated problem is solvable with X >0,
there exists an analytic control which provides a solution to the
nonlinear H.. control problem for system (4). A polynomial ap-
proximation of this control, using (26) and (27), can be computed at
any desired degree on the basis of the iterative computation of V(w)
and U* (z) from (24), (22), and V& (2) = &7 X oz, U"M(z) =

The proof follows directly from Theorems 1 and 2 and Proposmon
2.

[Rzz Rax



2148

VI. CONCLUSIONS

As is well known, a difficulty which arises when computing
control laws in the discrete-time context stands in the necessity of
manipulating compositions of functions. In the H-control problem,
this appears in the complexity for obtaining saddle-point solutions
and expressing an associated Hamilton—Jacobi type equation. The
contribution of the present paper is twofold. First, we prove that there
exists a solution to the problem if the linear approximated problem
is solvable, by explaining its connection to a standard Hamiltonian
system, and then we propose a method for its iterative computation.
The introduction of formal operators for manipulating compositions
of functions is quite cumbersome but enables us to deal, exactly in the
same way, with dynamics which are nonlinear in the input variables.
Indeed, considering a nonlinear dynamics zx+1 = zx + A(zr, Ux),
one can obtain, as in Lemma 1, polynomial expansions of V(I + A),
AV/oz|r1a -OAJOU and (DAJ/IUNT -8V /022|144 -0.AJTU.

APPENDIX
The operators P;, (J;, and T; are given by
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Remark 3: The formula in Lemma 1
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is actually used for matrices B:(z), B2(z) of dimension n X m1,n X
ma, respectively. More precisely
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Remark 4: In Lemma 1, the operators P;, @Q);, and T; are defined
according to A(z). In Section III, they are to be defined according
to A(z) = A*(z) — =, i.e., A(z) must be replaced by A(z) in the
formulas here given.
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