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Abstract. This paper presents an additive decomposition of the moving average repre-

sentation of VAR(MA) processes into cyclical components. Each cyclical component is

associated with a root of the characteristic VAR polynomial and with a given frequency.

The proposed representation is unique and it provides explicit formulae for the the (dy-

namic) loadings of the variables onto the different cyclical components. The paper discusses

relations with existing definitions of stochastic cycles. Applications of this decomposition

include:

i) the computation of the fraction of each observation accounted by the different cyclical

components, similarly to the permanent-transitory decomposition of Beveridge and Nelson;

ii) the definition of co-cyclicality, in the sense of common features literature, when the

relevant feature consists of a cycle with given frequency;

iii) indications on how to orthogonalize the innovations in Structural VAR exercises, in

order e.g. to interpret one of the shocks as the one affecting the business cycle.

The implementation of some of the above techniques on the implied reduced VARMA form

of a given DSGE model and on empirical VARs would allow to ascertain if the given DSGE

model can replicate stylized cyclical features found in the data.

1. Introduction

Business cycles, defined as ‘economy-wide fluctuations in production or economic activity

over several months or years’1 have been widely studied in economics, see the early work

of Burns and Mitchell (1946) and Stock and Watson (1999) for a more recent account.

Business cycles are hence by definition a) irregular, i.e. stochastic in nature, b) common to

many macroeconomic indicators, and c) characterized by a certain average periodicity.

One popular stochastic process used to represent cycles is the univariate AutoRegressive

process of order 2, AR(2), usually with two complex AR roots. This is because each of these

processes can be associated with a frequency, λu say, or, equivalently with a periodicity of

2π/λu. When one lets λu tend to 0 (respectively π), an AR(2) with complex roots converges

to an AR(1) process has 2 real positive (respectively negative) roots; usually also these

processes are included in the definition of a stochastic cycle, see e.g. Harvey and Trimbur

(2003). This is the class of processes that are assumed to represent cycles in this paper.
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Business cycles are by definition common to many economic time series. The loadings of

multivariate systems onto univariate AR(2) cycles are explicitly built in the specification of

Structural Time Series (STS) models, see e.g. Harvey (1990). Several of these models have a

vector autoregressive moving average (VARMA) reduced form; the VARMA parameters are

a function of the common structural cycles. Because the structural parameters are estimated

directly, there is no need to recover the structural parameters of the cycle from its VARMA

reduced form.

VAR(MA) models are very much in use in applied macroeconomics; they allow to discuss

common trends and cycles, and they provide impulse responses to shocks. When considering

a generic VARMA model, it is not straightforward to recover the common cycles hidden in

it. The purpose of this paper is to provide a a representation theory which discusses the

association of VARMA coefficients with (common) cycles.

Beveridge and Nelson (1981) proposed a univariate decomposition of economic time series

into a random walk component (trend) and a stationary component (cycle), the so-called

BN decomposition. Their results have been extended to the multivariate case, where the

trend component can be common (in presence of cointegration), see e.g. Proietti (1997).

This paper proceeds in this tradition to propose a multivariate decomposition of the sta-

tionary component of a VAR(MA) into cycles, each one characterized by different frequency

(and amplitude). This decomposition can be coupled with the multivariate BN decompo-

sition to produce a joint decomposition into trends, cycles (with different frequencies), sea-

sonals (identified with cycles with seasonal frequency) and an irregular component, which is

given by a finite order MA process.

Several economic theories predict common cyclical components. For instance, the perma-

nent income hypothesis (PIH) implies a common cycle between aggregate consumption and

aggregate income, see Campbell and Mankiw (1990). This in turn implies that there exists

a linear combination of consumption and income that does not include a cycles, i.e. that

this cyclical feature is a common feature in the sense of Engle and Kozicki (1993). Common

cycles have been widely discussed in the literature, see Vahid and Engle (1993, 1997) and

Hecq, Palm, and Urbain (2006) inter alia. The decomposition presented in this paper can

be used to discuss co-cyclicality as rank reduction of the loading matrices.

The present results generate tools for a descriptive decomposition of observed economic

time series. These methods can also be used as model evaluation tools; for instance the

reduced VARMA form of a DSGE may be scrutinized for common cycles as a stylized fact

that these models are capable of replicating. A similar analysis performed on estimated

VARs may reveal is these features are found in the data as well. Finally, these results may

serve as a basis for tests of co-cyclicality as implied e.g. by PIH theories.

A different application of the present results is to devising new methods to orthogonalize

innovations in Structural VAR exercises, in order e.g. to interpret one of the shocks as the

one affecting the business cycle.

The rest of the paper is organized as follows: Section 2 introduces notation and definitions

of structures of interest, Section 3 present the additive cycle decomposition, Section 4 dis-

cusses its relation with the n-order stochastic cycle of Harvey and Trimbur (2003). Section 5

describes the spectral properties of the stochastic cycles, Section 6 discusses how to obtain

cancelations of the cyclical components by linear combinations and/or by filtering of the

observed series. Section 7 presents examples, while Section 8 reports conclusions. In the
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Appendices we present some mathematical results that are needed for the derivation of the

representation results.

A final word on notation. In the following, a := b and b =: a indicate that a is defined

by b; any sum
∑b

n=a · where b < a is defined equal to 0. For any matrix polynomial

π(z) :=
∑dπ

n=0 πnz
n, z ∈ C, πn ∈ C

p×r where 0 < r ≤ p, we indicate its degree by dπ, i.e.

dπ := deg π(z) and 0 < dπ < ∞; when πn ∈ R
p×r we say that π(z) has real coefficients. For

zu ∈ C, |zu| indicates its modulus.

For any full column rank matrix γ ∈ C
p×r, γ∗ indicates its complex conjugate and γ′ its

conjugate transpose; in case γ is real, γ′ reduces to the transpose. We indicate by col(γ)

the linear span of the columns of γ with coefficients in the field C or R if γ is complex

or real, respectively. γ⊥ indicates a basis of col⊥(γ), the orthogonal complement of col(γ).

γ̄ := γ(γ′γ)−1 so that Pγ := γ̄γ′ = γγ̄′ denotes the orthogonal projector matrix onto col(γ)

and Mγ := I − Pγ the orthogonal projector matrix onto col⊥(γ). For a matrix A we often

employ a rank factorization of the type A = −αβ′ where α and β are bases of col(A) and

col(A′), and the negative sign is chosen for convenience in the calculations. Finally, 1j,k is

the indicator function equal to 1 if j = k and 0 otherwise.

2. Setup and definitions

In this section we introduce notation and state the autoregressive (AR) and moving average

(MA) representation of a VAR system. We consider the vector autoregressive process (VAR)

of finite order dΠ

(2.1)

dΠ∑

n=0

ΠnXt−n = ǫt

where Πn ∈ R
p×p, Π0 = I and ǫt is a p-dimensional martingale difference sequence (with

respect to the natural filtration generated by Xt) with positive definite conditional covari-

ance matrix Ω. A leading example of this is when ǫt are Gaussian i.i.d. random vectors.

Deterministic components Dt are omitted from (2.1) for ease of exposition; they could be

included by replacing Xt with Xt −Dt or by replacing ǫt with ǫt +Dt.

Indicate the AR polynomial in (2.1) by Π(z) :=
∑dΠ

n=0 Πnz
n, z ∈ C, by det Π(z) and

adj Π(z) its characteristic and adjoint polynomials. Remark that, because Π(z) has real

coefficients, so do det Π(z), adj Π(z) and inv Π(z) = adj Π(z)/ det Π(z). It is useful to fac-

torize the characteristic polynomials in terms of its roots; because Π(0) = I, one can write

det Π(z) =
∏q

u=1(1 − wuz)
au , where wu := z−1

u and zu is a root of det Π(z) with multiplicity

au > 0. We also define zmin := minu |zu| and observe that zmin > 0.

The power series representation of inv Π(z) has real coefficients and it is written as

C(z) := inv Π(z) =
∞∑

n=0

Cnz
n, |z| < zmin,

where C(0) = C0 = inv Π0 = inv I = I. It is well known (see e.g. Brockwell and Davis, 1987,

page 408) that if Π(z) has stable roots zmin > 1, so that C(z) is holomorphic on a disk larger

than the unit disk, then the following moving average (MA) form corresponds to a linear

process with second moments,

(2.2) Xt =
∞∑

n=0

Cnǫt−n, C0 = I.
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3. Moving average decomposition

Some of the factors in det Π(z) could be common to adj Π(z); we state the cancelation of

their common factors as the following lemma, for ease of later reference. The same lemma

gives also the order of the pole of inv Π(z) at z = zu, labeled mu.

Lemma 3.1 (inv Π(z) has pole of order mu at z = zu). One has

adj Π(z) =: G(z)

q∏

u=1

(1 − wuz)
bu , 0 ≤ bu < au, G(zu) 6= 0,

where G(z) has real coefficients,

inv Π(z) =
G(z)

g(z)
, z ∈ C \ {z1, . . . , zq} ,

where

g(z) :=

q∏

u=1

(1 − wuz)
mu , mu := au − bu > 0,

has real coefficients, and inv Π(z) has a pole of order mu at z = zu.

Note that when there are not such common factors, G(z) = adj Π(z) and g(z) = det Π(z).

In Theorem 3.3 below, we introduce a novel representation, which we call the additive cycles

(MAD) representation of Xt. This is derived from the Laurent series representation of

C(z) and gives an additive decomposition of the MA form Xt =
∑∞

n=0Cnǫt−n, where the

contribution of each root to the dynamics of the process is made explicit. In (3.2) below,

Xt is written as the sum of matrix polynomials Au(L), Bu(L) which respectively load the

MA(∞) processes cu(L)ǫt, du(L)ǫt plus an additional finite MA part R(L)ǫt, which is present

only when dG ≥ dg, where dG := degG(z) and dg := deg g(z). All the coefficients of such a

representation are real and uniquely determined by Π(z).

In order to compute it, we employ Lemma 3.2 below. This lemma shows how to construct

a polynomial B(z) that approximates a polynomial P (z) around q points up to a given order

of derivative2, here indicated with f (n)(zu) := ∂n

∂znf(z)
∣∣
z=zu

.

Lemma 3.2. Let P (z), z ∈ C, be a matrix polynomial of degree dP and p(z) :=
∏q

u=1(z −

zu)
ℓu be a scalar polynomial of degree dp, where zu ∈ C are distinct and ℓu ≥ 1; then one has

P (z) = B(z) + p(z)R(z),

where B(z) is a matrix polynomial of degree dB = dp − 1 such that for n = 0, . . . , ℓu − 1

and u = 1, . . . , q, one has B(n)(zu) = P (n)(zu) and R(z) is a matrix polynomial of degree

dR = dP − dp. In particular,

B(z) :=

q∑

u=1

pu(z)Bu(z), pu(z) :=
p(z)

(z − zu)ℓu
, Bu(z) :=

ℓu−1∑

n=0

Bu,n(z − zu)
n,

where

Bu,n :=
H

(n)
u (zu)

n!
, Hu(z) :=

P (z)

pu(z)
.

2A particular case of the same formula is used to find the error correction representation of a VAR in

Johansen (2009).
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We apply Lemma 3.2 to P (z) := G(z) and p(z) := hg(z) =
∏q

u=1(z − zu)
mu , where

h :=
∏q

u=1(−zu)
mu =: (−zu)

muhu. This gives

G(z) =

q∑

u=1

hugu(z)Bu(z) + hg(z)R(z),

where g(z) =: (1 − wuz)
mugu(z); dividing both by sides by g(z), one has

(3.1) inv Π(z) =

q∑

u=1

huBu(z)

(1 − wuz)mu
+ hR(z), z ∈ C \ {z1, . . . , zq} .

Because Π(z) has real coefficients the complex roots come in conjugate pairs; next we group

them together, and in (3.2) below we give a decomposition of Xt which exclusively involves

terms with real coefficients, see Lemma A.1. We represent the reciprocal of both real and

complex roots in polar form, i.e. we define (λu, ρu) from wu =: ρue
iλu with 0 ≤ λu < 2π, and

order them using a lexicographic order3 on the pairs (λu, ρu).

Theorem 3.3 (Moving average decomposition (MAD)). Let wu =: ρue
iλu with 0 ≤ λu < 2π

and h :=
∏q

u=1(−zu)
mu =: (−zu)

muhu; then one has

(3.2) Xt =
∑

u : 0<λu<π

Au(L)cu(L)ǫt +
∑

u : λu∈{0,π}

huBu(L)du(L)ǫt + hR(L)ǫt,

where, see Lemma 3.2, Bu(z), R(z) are matrix polynomials with real coefficients and degree

dBu
= mu − 1, dR = dG − dg,

Au(z) := (1 − w∗
uz)

muhuBu(z) + (1 − wuz)
muh∗uB

∗
u(z)

has real coefficients and degree dAu
= 2mu − 1, and

(3.3) cu(z) :=

(
∞∑

n=0

sin(n+ 1)λu

sinλu

ρn
uz

n

)mu

, du(z) :=

(
∞∑

n=0

ρn
uz

n

)mu

converge for |z| < zmin.

The following remarks are in order:

i) Eq. (3.2) gives an additive decomposition of the MA form Xt =
∑∞

n=0Cnǫt−n, where

the contribution of each root to the dynamics of the process is made explicit. All the

coefficients in (3.2) are real and uniquely determined by Π(z).

ii) In the first term one finds the contribution of the complex roots. In particular, the

component of the dynamics of Xt which is due to the complex pair zu, z
∗
u is given

by Au(L)cu(L)ǫt, where yu,t := cu(L)ζt, with ζt a univariate white noise, is the MA

representation of the univariate AR(2)mu process

(1 − 2ρu cosλuL+ ρ2
uL

2)muyu,t = ζt

and

1 − 2ρu cosλuz + ρ2
uz

2 = (1 − wuz)(1 − w∗
uz),

using wu =: ρue
iλu = ρu(cosλu + i sinλu).

3This means t < s if and only if λt < λs or (λt = λs and ρt < ρs).
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iii) When mu = 1, cu(L)ζt describes a cycle with period 2π/λu and amplitude ρ2
u. The

coefficients of cu(z) are ϕn := sin(n+1)λu

sin λu
ρn

u, composed of a cyclical function sin(n+1)λu

sin λu

times a damping factor ρn
u. If mu = 2, cu(z) has a power series representation with

coefficients given by the convolution of the coefficients {ϕn} with themselves, i.e. the

n-th coefficient in the power series cu(z) is cu,n =
∑n

j=0 ϕjϕn−j. Similarly for the

cases mu = 3, . . . one obtains the mu-th order convolution.

iv) In the second term one finds the contribution of the positive (λu = 0) and negative

(λu = π) real roots. The contribution of zu is given by Bu(L)du(L)ǫt, where yu,t :=

du(L)ζt, with ζt a univariate white noise, is the MA representation of the univariate

AR(1)mu process

(1 − wuL)muyu,t = ζt.

When mu = 1, du(L)ζt gives either a dampened oscillation for wu < 0 or a geometric

decay if wu > 0. We observe that the remark in iii) applies here substituting cu(z),

ϕn with du(z), wn. This gives the generic coefficient of du(z) as the mu-th order

convolution of {wn}.

v) When dG ≥ dg, one finds the additional term R(L)ǫt of finite degree dG − dg. Hence

only the first two terms are responsible for the presence of infinite memory in Xt, i.e.

for cov(Xt, Xt−n) 6= 0 for all n.

4. Relationship with the stochastic cycles of Harvey and Trimbur

In this section we discuss the relationship between univariate AR(2)n processes and the

stochastic cycles of Harvey (1990), Harvey and Trimbur (2003), Trimbur (2006), see also

Luati and Proietti (2009) for extensions. Both processes have the same AR polynomial, and

they differ because of the presence of a MA component present in the stochastic cycles of

Harvey and Trimbur (2003), which is absent in the AR(2)n processes.

The MAD representation involves AR(2)n processes yn,t as stochastic cycles or order n,

where yn,t is defined by

(4.1)
(
1 − 2ρ cosλL+ ρ2L2

)n
yn,t = ζt

with ζt an uncorrelated univariate white noise with mean 0 and covariance matrix σ2
ζ . The

AR polynomial of (4.1) is a(L)n where a(L) is the polynomial a(z) := 1−(2ρ cosλ) z+ρ2z2 =(
1 − ρeiλz

) (
1 − ρe−iλz

)
, with two complex conjugate roots at ρ−1e±iλ.

Harvey and Trimbur (2003), building on Harvey (1990), consider the following bivariate

processes ψ
[j]
t :=

(
ψ

[j]
1,t : ψ

[j]
2,t

)′

(4.2) ψ
[j]
t = Gψ

[j]
t−1 + Sψ

[j−1]
t , G := ρ

(
cosλ sinλ

− sinλ cosλ

)
, S :=

(
1 0

0 0

)
,

for j = 1, 2, . . . , n, where 0 ≤ λ ≤ π is a given frequency, 0 < ρ ≤ 1, and ψ
[0]
t := (κ1t : κ2t)

′ is

an uncorrelated white noise with mean 0 and covariance matrix Σ := diag(σ2
1, σ

2
2). Because

of the selection matrix S, there is no loss of generality in setting σ2
2 = 0. They identify ψ

[n]
1,t

as the n-th order stochastic cycle. Trimbur (2006) studied the properties of such processes

when S = I2 and σ2
1 = σ2

2. We consider here the original setup (4.2) of Harvey and Trimbur

(2003), with σ2
2 = 0, which involves a single input disturbance κ1t, as in the AR(2)n case.
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The univariate representation of ψ
[n]
1,t is an ARMA(2n,n) of the type

(4.3)
(
1 − 2ρ cosλL+ ρ2L2

)n
ψ

[n]
1,t = (1 − ρ cosλL)n κ1,t,

as can be obtained by computing the final equations form of (4.2), see Harvey and Trimbur

(2003)4. Comparing (4.1) and (4.3) one sees that ψ
[n]
1,t and yn,t share the same AR polyno-

mial a(L)n; however, while yn,t has no MA polynomial, ψ
[n]
1,t involves the MA(n) polynomial

(1 − ρ cosλL)n.

Another way to discuss the relationship between ψ
[n]
1,t and yn,t is by comparing the com-

panion form of yn,t directly with the definition (4.2) of ψ
[n]
1,t . To this end, define Y

[j]
t := (yj,t :

yj,t−1)
′ as state vector for (4.1); one finds

(4.4) Y
[j]
t = FY

[j]
t−1 + SY

[j−1]
t , F :=

(
2ρ cosλ −ρ2

1 0

)

for j = 1, 2, . . . , n with Y
[0]
t := (ζt : 0)′, and covariance E(Y

[0]
t Y

[0]′
t ) = diag(σ2

ζ , 0). The

following theorem shows that the matrices G in (4.2) and F in (4.4) are similar.

Theorem 4.1. The matrices G in (4.2) and A in (4.4) are similar, i.e. G = HFH−1 or

F = H−1GH with

H :=
(
ρ2 + 1

) 1

2

(
− (ρ sinλ)−1 cotλ

0 1

)
, H−1 =

(
ρ2 + 1

)− 1

2

(
−ρ sinλ ρ cosλ

0 1

)
,

where both F and G have as matrix of eigenvalues Λ := diag(ρeiλ, ρe−iλ).

We observe that F , G, H are all real matrices, unlike the matrix of eigenvalues Λ :=

diag(ρeiλ, ρe−iλ), which is complex. The following corollary shows that this implies that the

generating mechanisms in (4.2) and (4.4) are related by the nonsingular transformation H

above.

Corollary 4.2. Consider the AR(2) process y1,t defined in (4.1) with companion representa-

tion (4.4) and the matrix H as defined in Theorem 4.1; then ψ
[1]
t = HY

[j]
t satisfies eq. (4.2)

with n = 1 and

(4.5) σ2
1 = σ2

ζ

ρ2 + 1

ρ2 sin2 λ
, σ2

2 = 0.

Vice-versa one can generate ψ
[1]
t as in (4.2) with (4.5) and set Y

[1]
t = H−1ψ

[1]
t which

satisfies (4.4) for n = 1.

Let H =: (H1 : H2)
′ and H−1 =: (H1 : H2)

′
, where H ′

j and Hj′ are the j-th rows of H

and H−1 respectively. The Corollary above implies that the bivariate generating mechanisms

of Y
[1]
t and ψ

[1]
t correspond 1 to 1, and ψ

[1]
1,t and y1,t can be obtained by different sampling

schemes from this bivariate process. In fact, one could generate the stochastic cycle ψ
[1]
t and

obtain ψ
[1]
1,t and y1,t as ψ

[1]
1,t = (1 : 0)ψ

[1]
t and y1,t = H1′ψ

[1]
t , where (1 : 0) and H1′ are the

sampling vectors. Symmetrically, one could generate the stochastic cycle Y
[1]
t and obtain

ψ
[1]
1,t and y1,t as ψ

[1]
1,t = H ′

1Y
[1]
t and y1,t = (1 : 0)Y

[1]
t , where H ′

1 and (1 : 0) are the sampling

vectors from the same bivariate process Y
[1]
t .

4See pag. 247 there, the lines preceding eq. (11).
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The comparison of the companion form with (4.2) in the general case n > 1 is less straight-

forward. In fact, pre-multiplying (4.4) by H one finds

(4.6)
(
HY

[n]
t

)
= G

(
HY

[n]
t−1

)
+HSY

[n−1]
t

where, however, HS 6= SH, i.e. the two matrices do not commute. If they did, then (4.6)

would be equal to (4.2) when setting ψ
[n]
t = HY

[n]
t .

5. Spectra and impulse responses of cyclical components

In this section we describe the power spectra of the AR(1)n and AR(2)n processes

(1 − wuL)n yn,t = ζt,(5.1)
(
1 − 2ρu cosλuL+ ρ2

uL
2
)n
yn,t = ζt(5.2)

in (3.2).

Here 0 ≤ ρu < 1, 0 ≤ |wu| < 1, 0 ≤ λu ≤ π. These results are directly derived from

the standard results on the spectral density of stationary univariate AR(p) case, see e.g. eq.

(4.3.8) page 160 in Fuller (1996); they are reported here for completeness. We start with the

AR(1)n case.

Proposition 5.1 (Spectrum of AR(1)n). The spectral density fy (λ) of an AR(1)n process

(5.1) with |wu| < 1 is bounded and it is given by

(5.3) fy (λ) =
σ2

ζ

2π

(
1

1 + w2
u − 2wu cosλ

)n

, −π ≤ λ ≤ π.

For wu = 0 one finds the flat spectrum of a white noise process; if wu > 0, the spectral

density fy (λ) has a maximum at λ = 0 and two minima at λ = ∓π; if wu < 0, the spectral

density fy (λ) has two maxima at λ = ∓π and a minimum at λ = 0.

The next two figures illustrate Proposition 5.1.

0 1 2 3
−4

−2

0

2

λ

lo
g 

f y (
λ)

Figure 1. log fy(λ) for AR(1)1 processes with wu = ±0.4 (dashed blu line),

±0.6, (dash-dotted black lines) ±0.8 (solid red line).

Figure 1 plots the logarithm of spectral density of six AR(1)1 processes fixing n = 1; we

note that log fy(λ) has a symmetric behavior for positive and negative roots and that its
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peak is inversely related to the absolute value of the root, i.e. it grows with |wu|. Next we fix

wu = 0.8 and in figure 2 we plot log fy(λ) for AR(1)n for three values of n; this shows that

the peak is directly related to n, so that the higher n the higher the portion of spectrum on

the left.

0 1 2 3

−5

0

5

λ

lo
g 

f y (
λ)

Figure 2. log fy(λ) for AR(1)n processes with wu = 0.8 and n = 3, (dashed

blu line), n = 2, (dash-dotted black lines) n = 1 (solid red line).

Similarly, we discuss the AR(2)n case, see e.g. Jenkins and Watts (1969) p. 228-229 and

Box and Jenkins (1976) p. 62 for the AR(2) case.

Proposition 5.2 (Spectral density of AR(2)n). The spectral density fy (λ) of an AR(2)n

process (5.2) is bounded for ρu < 1 and it is given by

(5.4)

fy (λ) =
σ2

ζ

2π

(
1

1 + ρ2
u − 2ρu cos (λ− λu)

)n(
1

1 + ρ2
u − 2ρu cos (λ+ λu)

)n

, −π ≤ λ ≤ π

For ρu = 0 one finds the flat spectrum of a white noise process; for 0 < ρu < 1, the extremum

points of fy (λ) depend on the condition

(5.5) arccos

(
1

cu

)
≤ λu ≤ arccos

(
−

1

cu

)
, cu :=

1 + ρ2
u

2ρu

≥ 1.

If (5.5) is satisfied, then fy (λ) has minima at λ = 0,∓π and maxima at λ = ∓λ♦, where

λ♦ := arccos (cu cosλu); in general λ♦ 6= λu while limρu→1 λ♦ = λu. If λu < arccos (c−1
u ),

then fy (λ) has a maximum at λ = 0 and minima at λ = ∓π; if arccos (−c−1
u ) < λu, then

fy (λ) has a minimum at λ = 0 and maxima at λ = ∓π.

A few remarks are in order.

i) The extrema of the spectral density fy (λ) in (5.4) do not depend on n. More

precisely, n influences only the scale and location of log fy (λ), but not its form. In

fact log fy (λ) = a + nℓ(λ), where a := log σ2
ζ − log 2π does not depend on λ, n and

ℓ(λ) := log h(λ− λu) + log h(λ+ λu), h(ϕ, ρ) := 1 − 2ρ cosϕ+ ρ2.

ii) The location of the maximum of the spectral density fy (λ) depends both on λu and

ρu; the dependence on ρu involves the condition (5.5) and the coefficient cu which
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regulates the diplacement from λu in λ♦ := arccos (cu cosλu), which is defined if this

condition holds.

iii) When λu = π/2, the spectral density becomes

fy (λ) =
σ2

ζ

2π

(
1

(1 + ρ2
u)

2 − 4ρ2
u sin2 (λ)

)n

which is symmetric also over the segment 0 ≤ λ ≤ π (respectively −π ≤ λ ≤ 0)

about the line λ = π/2 (λ = −π/2) with maxima at ∓π/2.

iv) cu is a monotonically decreasing function of ρu. As ρu becomes small, one finds large

values of cu and arccos (c−1
u ) and arccos (−c−1

u ) both get close to π/2; for fixed λu

this implies that the condition (5.5) eventually fails as ρu becomes small, and one

has extrema only at λ = 0 and λ = ∓π, where the location of the min and max

depends on where λu is with respect to π/2. When ρu increases to 1, cu tends to 1

as well and the condition (5.5) approaches −π ≤ λu ≤ π, which will be eventually

met for any λu 6= 0,∓π. At the same time the diplacement due to cu disappears and

limρu→1 λ♦ = λu.

v) The displacement cu ≥ 1, so that λ♦ is closer to 0 than λu.

The next two figures illustrate Proposition 5.2.

0 1 2 3

−4

−2

0

2

λ

lo
g 

f y (
λ)

Figure 3. log fy(λ) for AR(2)1 processes with λu = π/4 and ρu = 0.4 (dashed

blu line), 0.6, (dash-dotted green line) 0.8 (solid red line). The vertical line is

at λ = λu = π/4.

Figure 3 plots log fy(λ) for three AR(2)1 processes fixing n = 1 and λu = π/4; we note

that the peak is not at λu (vertical line) and that it grows with |wu|. Next we fix ρu = 0.6

and in figure 4 we plot log fy(λ) for AR(2)n for three values of n; this shows that n does not

affect the displacement of the peak and that the higher n the higher the portion of spectrum

on the left.
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−8

−6

−4

−2

0

2

4

λ

lo
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f y (
λ)

Figure 4. log fy(λ) for AR(2)n processes with λu = π/4 and ρu = 0.6 and

n = 3 (dashed blu line), n = 2, (dash-dotted green line) n = 1 (solid red line).

The vertical line is at λ = λu = π/4.

Next we illustrate the univariate impulse response functions (IRF) cu(z), du(z) in (3.3).

0 10 20 30
0

2

4

6

8

h

d u,
h

Figure 5. IRF du,h for AR(1)n processes with wu = 0.8 and n = 1 (dashed

blu line), n = 2, (dash-dotted black lines) n = 3 (solid red line).

Figure 5 plots du,h in du(z) =:
∑∞

h=0 du,hz
h for three AR(2)n processes fixing wu = 0.8; the

coefficients of the expansion decrease exponentially only for n = 1 while they display a peak

that moves on the right and increases magnitude as n grows. A similar behavior applies for

wu < 0 and for complex roots, see figure 6 and 7 in the next page.
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Figure 6. IRF du,h for AR(1)n processes with wu = −0.8 and n = 1 (dashed

blu line), n = 2, (dash-dotted black lines) n = 3 (solid red line).
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10
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c u,
h

Figure 7. IRF cu,h for AR(2)n processes with λu = π/4, ρu = 0.8 and n = 1

(dashed blu line), n = 2, (dash-dotted black lines) n = 3 (solid red line).

6. Properties of the loadings in the MAD representation

In this section we describe the left-null space structure of the loadings Au(z), Bu(z) in

(3.2); this is useful to characterize linear combinations of Xt which have specific spectral

properties.

First we introduce a procedure called ‘polynomial rank factorization’ of a matrix polyno-

mial at a given point. Let A(z) be a square matrix polynomial whose inverse has a pole

of order m at z = w; the polynomial rank factorization Definition 6.1 below gives a char-

acterization of the set of reduced rank restrictions that are satisfied by the coefficients of

a matrix polynomial whose inverse function has a pole of given order at a specific point.

That is, if A(z) and its derivatives at z = w satisfy those conditions then invA(z) has a

pole of order m at the same point; the converse is also true, i.e. if invA(z) has a pole of
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order m at z = w then A(z) and its derivatives at z = w satisfy the rank restrictions of the

polynomial rank factorization at that point. Hence the polynomial rank factorization is a

one to one and onto map from the structure of the matrix polynomial to the order of the

pole of its inverse function which reveals the relevant subspaces that characterize its reduced

rank structure. This result is based on the recursive algorithm developed in Franchi (2009)

and further analyzed in Franchi and Paruolo (2009).

Definition 6.1 (Polynomial rank factorization of A(z) at z = w). Let A(z) =
∑dA

n=0An(z−

w)n be a square matrix polynomial whose inverse has a pole of order m at z = w; define α0

and β0 from the matrix rank factorization

(6.1) A0 = −α0β
′
0

and for j = 1, . . . ,m, let aj := (α0 : · · · : αj−1), bj := (β0 : · · · : βj−1) define αj and βj from

the matrix rank factorization

(6.2) Maj
Aj,1Mbj

= −αjβ
′
j,

where Aj,k is defined for j, k ≥ 1 from the recursions

(6.3) Aj,k := Aj−1,k+1 + Aj−1,1

j−2∑

n=0

β̄nᾱ
′
nAn+1,k

with initial values A0,k := Ak−1.

The following additional remarks are in order:

Remark 6.2. Eq. (6.1), (6.2) define αj, βj up to a conformable change of bases of the row

and column spaces; this does not affect the results.

Remark 6.3. The square matrices (α0 : · · · : αmu
) and (β0 : · · · : βmu

) are non-singular

with orthogonal blocks, i.e. α′
jαk = β′

jβk = 0 for j 6= k.

Remark 6.4. The conditions (6.2) are reduced-rank conditions for j = 1, · · · ,m− 1, while

the terminal condition for j = m is a full-rank condition.

Remark 6.5. For w = 1, and m = 1, m = 2 these conditions were derived by Johansen

(1992) and are called the I(1) and I(2) conditions.

Remark 6.6. There is a duality between the polynomial rank factorizations of A(z) and of

its (reduced) adjoint H(z), say; let αj, βj and ξj, ηj be respectively defined by the polynomial

rank factorization of A(z) and H(z) at z = w; then for j = 0, . . . ,m, one has

(6.4) col ξj = col βm−j and col ηj = colαm−j,

see Franchi and Paruolo (2009) for the proof.

Remark 6.7. In the following we let au,j := (αu,0 : · · · : αu,j−1), bu,j := (βu,0 : · · · : βu,j−1)

and Π
(u)
j,k be defined by the polynomial rank factorization of Π(z) at z = zu, so that the point

at which the procedure is conducted is explicitely referenced.

Next we present relations among the coefficients of the polynomial rank factorization of

Π(z) at z = zu and the left-null space structure of the loadings, starting from the leading

case with mu = 1, u = 1, . . . , q.
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Theorem 6.8 (Left-null space structure of the loadings when mu = 1). Let mu = 1, u =

1, . . . , q; then

Xt =
∑

u : 0<λu<π

(Au,0 + Au,1L)cu(L)ǫt +
∑

u : λu∈{0,π}

huBu,0du(L)ǫt + hR(L)ǫt,

where

γ′Bu,0 = 0 ⇔ col γ ⊆ col βu,0

and

γ′(Au,0 : Au,1) = 0 ⇔ col(γ) ⊆ col(Reβu,0 : Im βu,0),

where αu,0β
′
u,0 := Π(zu).

Because colBu,0 = col βu,1, the contribution of the root zu is always absent from the linear

combination β′
u,0Xt; when the root is complex this however leads to a complex process. When

A := col Reβu,0 ∩ col Im βu,0 6= {0} it is possible to find a real linear combination γ′Xt that

eliminates the contribution of the complex pair zu, z
∗
u by letting γ ⊂ A.

In general, using the coefficients defined by the polynomial rank factorization, we construct

a matrix polynomial γu(z) such that γ′u(L)Xt does not contain the contribution of the root

zu, see Theorem 6.9 below.

Theorem 6.9 (Left-null space structure of the loadings). Let αu,j, βu,j be defined by the

polynomial rank factorization of Π(z) =
∑dΠ

n=0 Πu,n(z − zu)
n at z = zu and

(6.5) γ′u(z) := β′
u,0 − ᾱ′

u,0

mu−1∑

n=1

(−zu)
nΠu,n(1 − wuz)

n;

then

γ′u(L)Xt

does not contain the contribution of zu.

Note that when the root is complex this however leads to a complex process. The condi-

tions under which it is possible to eliminate the contribution of the complex pair zu, z
∗
u are

still work in progress.

7. Examples: polynomial rank factorization and MAD representation

7.1. Example 1. Here we illustrate how to calculate the MAD representation of a VAR and

illustrates the duality result in (6.4); consider

Xt =

(
−1 −4/3

2 5/3

)
Xt−1 +

1

2

(
1 1

1 1

)
Xt−2 + ǫt;

then

det Π(z) = −
1

3
(2z − 3)

and

adj Π(z) =

(
1 0

0 1

)
+

(
−5/3 −4/3

2 1

)
z −

1

2

(
1 −1

−1 1

)
z2.

Hence there is only one characteristic root, it has multiplicity one, i.e. w1 = 2
3

and m1 = 1,

and the difference between the degrees of adj Π(z) and det Π(z) equals 1, which implies

dR = 1.
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The polynomial rank factorization of Π(z) at z = 3
2

gives

α0 =
1

8
(1 : −3)′, β0 = −(11 : 7)′, α1 =

4

1275
(3 : 1)′, β1 = (−7 : 11)′

and that of G(z) at the same point

ξ0 =
1

8
(−7 : 11)′, η0 = −(3 : 1)′, ξ1 =

4

1275
(11 : 7)′, η1 = (1 : −3)′;

this illustrates the duality result in (6.4). Then the MAD representation is

(7.1) Xt = B
∞∑

n=0

(
2

3

)n

ǫt−n +R0ǫt +R1ǫt−1,

where B = 1
8

(
−7

11

)
(3 : 1), R0 = 1

8

(
29 7

−33 −3

)
and R1 = 3

4

(
1 −1

−1 1

)
. Note that

(7.1) can be written as

Xt =

(
−7

11

)
ct +R0ǫt +R1ǫt−1,

where ct :=
∑∞

n=0

(
2
3

)n
ut−n is univariate because ut := 1

8
(3 : 1)ǫt.

The next two figures illustrate (7.1).

0 20 40
−1

−0.5

0

0.5

t

X
1, C

1

Figure 8. 50 realizations of the first variable in the VAR(2) process in (7.1).

Red line: X1,t time series, blue dashed line: C1,t time series of the cycle. Both

series are scaled by their sample range.
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0 20 40
−0.5

0

0.5

1

t

X
2, C

2

Figure 9. 50 realizations of the second variable in the VAR(2) process in

process in (7.1). Red solid line: X2,t time series, blue dashed line: C2,t time

series of the cyclical component (the same series used in Fig. 8. up to sign).

Both series are scaled by their sample range.

7.2. Example 2. Here we discuss the iterpretation of the MAD representation using the

VAR in Benati and Surico (2009),

Xt =




1.21 0.01 0.14

−0.03 0.47 0.07

−0.11 −0.05 1.02


Xt−1 +




−0.32 −0.01 −0.05

0.02 −0.02 −0.02

0.08 0.00 −0.23


Xt−2 + ǫt;

because

det Π(z) = cz(z − 1.24)(z − 1.57)(z − 2.18)(z − 2.38)(z − 2.95)(z − 20.95),

each the characteristic root zu is real and it has multiplicity mu = 1. Moreover, because

deg adj Π(z) = 4 and deg det Π(z) = 6, their difference is negative and the finite MA part

R(L)ǫt is absent from the MAD, see Remark v) below Theorem 3.3.

By computing the polynomial rank factorization of Π(z) at zu, we define αu,j, βu,j for

u = 1, . . . , 6 and j = 0, 1; the MAD representation is

(7.2) Xt =

q∑

u=1

Budu(L)ǫt,
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where Bu = −wuβ̄u,1ᾱ
′
u,1 and du(z) =

∑∞
n=0w

n
uz

n, wu := 1/zu. Here one has

B1 =




1

−0.03

−0.13


 (1.78 : −0.27 : 1.87), B2 =




1

−0.22

−1.18


 (0.61 : 0.69 : −2.76),

B3 =




1

−1.44

−2.28


 (−0.51 : −0.71 : 0.58), B4 =




1

0.7

−0.87


 (−0.97 : 0.25 : 0.28),

B5 =




1

1.8

−14.4


 (0.07 : 0.04 : 0.03), B6 =




1

−31.5

0.82


 1

1000
(0.16 : 4 : −0.4).

Hence (7.2) can be written as

Xt =




1

−0.03

−0.13


 c1,t +




1

−0.22

−1.18


 c2,t +




1

−1.44

−2.28


 c3,t+




1

0.7

−0.87


 c4,t +




1

1.8

−14.4


 c5,t +




1

−31.5

0.82


 c6,t,

where cu,t :=
∑∞

n=0w
n
uut−n is univariate because ut := −wuᾱ

′
u,1ǫt. Note that the MAD

representation is invariant with respect to the orthogonalization of the shocks; in fact, for

ǫt = Dξt and V ar(ξt) = I, one has ut := −wuᾱ
′
u,1Dξt and V ar(ut) = w2

uᾱ
′
u,1DD

′ᾱu,1 =

w2
uᾱ

′
u,1V ar(ǫt)ᾱu,1.
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The next figure plots c1,t, . . . , c6,t in (7.2).
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Figure 10. 100 realizations of the six stochastic cycles.
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Next we associate cycles to variables.
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Figure 11. Association of cycles and variables. Red line: Xj,t time series,

blue line: Cu,t time series of the cycle. Both series are scaled by their sample

range.

8. Conclusions

The MAD representation provides a decomposition of a VAR process into cyclical compo-

nents, which are closely connected with existing definitions of stochastic cycles. Cancelations

of the cyclical components by linear combinations and/or by filtering of the observed series

is discussed.
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Appendix A. Proofs

Proof of Lemma 3.1. Because det Π(zu) = 0 one has 0 ≤ rank Π(zu) ≤ p − 1; when 0 ≤

rank Π(zu) < p− 1 one has adj Π(zu) = 0 and thus each entry of adj Π(z) contains the factor

(1− z/zu)
bu for some 0 < bu < au; if rank Π(zu) = p− 1 then adj Π(zu) 6= 0 and thus bu = 0.

If Im zu 6= 0 then the same applies to z∗u. Let g(z) :=
∏q

u=1(1−z/zu)
mu =: (1−z/zu)

mugu(z);

because inv Π(z) := adj Π(z)
det Π(z)

and G(zu), gu(zu) 6= 0 one has the last statement. �

Proof of Lemma 3.2. We observe that pu(zj) = 0 for u 6= j andBu(zu) = Bu,0 = P (zu)/pu(zu);

this implies that v(z) := P (z) − B(z) = P (z) −
∑q

u=1 pu(z)Bu(z) is zero for z = zu, for all

u = 1, . . . , q. Hence v(z) contains a(z) :=
∏q

u=1(z − zu) as a factor, i.e. v(z) = a(z)Ra(z).

Note next that pu(z) contains the factor (z − zj)
ℓj for u 6= j so that p

(n)
u (zj) = 0 for

n = 0, . . . , ℓj − 1. This factor appears in the derivative of B(z) of order n evaluated at

z = zj,

B(n)(zj) =

q∑

u=1

(puBu)
(n)(zj) =

q∑

u=1

n∑

w=0

(
n

w

)
p(w)

u (zj)B
(n−w)
u (zj) =

n∑

w=0

(
n

w

)
p

(w)
j (zj)B

(n−w)
j (zj)

where we have used Leibniz rule on the derivative of a product in the second equality.

By definition B
(n−w)
j (zj) = (n − w)!Bj,n−w = H

(n−w)
j (zj), so that, applying Leibniz rule

backwards to
∑n

w=0

(
n

w

)
p

(w)
j (zj)B

(n−w)
j (zj) =

∑n

w=0

(
n

w

)
p

(w)
j (zj)H

(n−w)
j (zj) = (pjHj)

(n)(zj),

one finds B(n)(zj) = (pjHj)
(n)(zj) = P (n)(zj). This proves B(n)(zj) = P (n)(zj) and v(n)(zj) =

0 for n = 0, . . . , ℓj − 1 and j = 1, . . . , q, so that v(z) = p(z)R(z).

Next observe that the degree of pu(z) is dpu
= dp−ℓu, where dp :=

∑q

u=1 ℓu and the degree

of Bu(z) is dBu
= ℓu − 1 so that the degree of pu(z)Bu(z) is dp − 1; this implies that also the

degree of B(z) is dB = dp − 1. Because deg v(z) = deg p(z)R(z) = dP , one has dR = dP − dp.

This completes the proof. �

The next lemma is used in the proof of Theorem 3.3 below.

Lemma A.1. Let zv = z∗u; then Bv(z) = Bu(z)
∗.

Proof. By definition Bu (z) =
∑mu−1

s=0 Bu,s (z − zu)
s where Bu,s := (s!)−1G

(s)
u (zu), Gu (z) :=

H(z)/hu (z). Define 1/hu (z) =: s−1
u (z) qv (z), qv (z) := (z−zv)

−mv , su (z) =
∏

j 6=u,v (z − zj)
mj ,

Ku (z) := H(z)s−1
u (z), so that Gu (z) = Ku (z) qv (z). Apply Leibniz’ rule to find

Bu,s := (s!)−1G(s)
u (zu) = (s!)−1

s∑

j=0

(
s

j

)
K(j)

u (zu) q
(s−j)
v (zu) .

Similarly one finds

Bv,s := (s!)−1G(s)
v (zv) = (s!)−1

s∑

j=0

(
s

j

)
K(j)

v (zv) q
(s−j)
u (zv) .

We note that q
(s−j)
v (zu) is a (real) function of zu − zv, which is a real number, so that

q
(s−j)
v (zu) = q

(s−j)
u (zv), and that su (z) = sv (z), so that Ku (z) = Kv (z); this implies

K
(j)
v (zv) = K

(j)
u (zu)

∗ and hence Bu,s = B∗
v,s. �

Proof of Theorem 3.3. Let zv = z∗u and defineAu(z) := (1−wvz)
muhuBu(z)+(1−wuz)

muhvBv(z);

hence by Lemma A.1 Au(z) has real coefficients and grouping the complex pairs together,
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(3.1) becomes

inv Π(z) =
∑

u : 0<λu<π

Au(z)

(1 − wuz)mu(1 − w∗
uz)

mu
+

∑

u : λu∈{0,π}

cuBu(z)

(1 − wuz)mu
+ hR(z).

For 0 < λu < π one has

cu(z) :=
1

(1 − wuz)mu(1 − w∗
uz)

mu
=

(
∞∑

n=0

sin(n+ 1)λu

sinλu

ρn
uz

n

)mu

and for λu ∈ {0, π}, wu = ρu so that

du(z) :=
1

(1 − wuz)mu
=

(
∞∑

n=0

ρn
uz

n

)mu

.

�

Proof of Theorem 4.1. The eigenvalue decomposition of the companion matrix F is FV =

V Λ with Λ = diag(ρeiλ, ρe−iλ) and

V :=
(
ρ2 + 1

)− 1

2

(
ρeiλ ρe−iλ

1 1

)
, V −1 =

(ρ2 + 1)
1

2

2i sinλ

(
ρ−1 −e−iλ

−ρ−1 eiλ

)
,

and the one of the matrix G is GU = UΛ with

U =

(
−i i

1 1

)
, U−1 :=

1

2

(
i 1

−i 1

)
.

Hence V −1FV = Λ = U−1GU , from which G = HFH−1 or F = H−1GH for H := UV −1

with

H := UV −1 =
(ρ2 + 1)

1

2

2i sinλ

(
−2iρ−1 2i cosλ

0 2i sinλ

)
=
(
ρ2 + 1

) 1

2

(
− (ρ sinλ)−1 cotλ

0 1

)
.

�

Proof of Corollary 4.2. From Theorem 4.1 we see that HY
[1]
t = (HFH−1)HY

[1]
t−1 +HSY

[0]
t ,

where HSY
[0]
t = HY

[0]
t has covariance

E(HY
[0]
t Y

[0]′
t H ′) = σ2

1H

(
1 0

0 0

)
H ′ = σ2

1

ρ2 + 1

ρ2 sin2 λ

(
1 0

0 0

)
.

�

Proof of Proposition 5.1. Apply eq. (4.3.8) page 160 in Fuller (1996) with coincident roots,

i.e. mj, ω, p equal to wu, λ, n in the present notation; this gives (5.3). Define the function

g(λ) := h (λ,wu) := au − bu cosλ, au := 1 + w2
u, bu := 2wu and note that fy (λ) has a min

(max) when g (λ) has a max (min). Moreover fy (λ) is bounded when h (λ,wu) > 0, which

is always the case for |wu| < 1 by Lemma A.2.

Let ġ, g̈ indicate the first and second derivative of g wrt λ; one finds ġ(λ) = bu sinλ,

g̈(λ) = bu cosλ, so that ġ(λ) = 0 for λ = 0,∓π and g̈(0) = bu, g̈(±π) = −bu. This shows

that if wu > 0, then bu > 0 and g(λ) (respectively fy (λ)) has a min (max) at λ = 0 and

two maxima (minima) at λ = ∓π; if wu < 0, then bu < 0 and g(λ) (fy (λ)) has two maxima

(minima) at λ = ∓π and a min (max) at λ = 0. �

For the proof of of Proposition 5.2 below we employ the following result.
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Lemma A.2. The function h (ϕ, ρ) := a− b cosϕ = b(c− cosϕ), where a = 1 + ρ2, b = 2ρ,

0 < |ρ| < 1 is non-negative and h (ϕ, ρ) has roots at (ϕ, ρ) = (0, 1) and (∓π,−1).

Proof. Because ρ, b 6= 0, define c := a/b and note that |c| ≥ 1, because

|c| − 1 =
a− |b|

|b|
=

1 + ρ2 − 2 |ρ|

|b|
=

(1 − |ρ|)2

|b|
≥ 0,

where the inequality is strict except for ρ = 1 (c = 1) and ρ = −1 (c = −1). Next write

h (ϕ) = b(c − cosϕ), which vanishes iff c = cosϕ; because |cosϕ| ≤ 1 and |c| ≥ 1, the only

roots of h (ϕ) are found when ρ = 1 (c = 1) which gives ϕ = 0 and ρ = −1 (c = −1) which

gives ϕ = π. �

Proof of Proposition 5.2. Apply eq. (4.3.8) page 160 in Fuller (1996) with ω = λ, p = 2n,

with n of the roots mj equal to wu and n roots equal to w∗
u; this gives

(A.1) fy (λ) =
σ2

ζ

2π

(
1

1 − 2wu cosλ+ w2
u

)n(
1

1 − 2w∗
u cosλ+ w∗2

u

)n

.

Next recall the indentity

(A.2) 1 − 2a cos ξ + w2
u =

(
1 − aeiξ

) (
1 − ae−iξ

)
,

which, applied to from left to right to c (λ,wu) := 1 − 2wu cosλ + w2
u gives c (λ,wu) =(

1 − wue
iλ
) (

1 − wue
−iλ
)
. Next, substituting wu = ρue

iλu and setting ϕu := λ + λu, θu :=

λ − λu, one finds c (λ,wu) = (1 − ρue
iϕu)

(
1 − ρue

−iθu
)
. Because w∗

u = ρue
−iλu , the same

procedure applied to c (λ,w∗
u) gives c (λ,w∗

u) = (1 − ρue
−iϕu)

(
1 − ρue

iθu
)
. Hence, using

(A.2) again for ξ = ϕu, θu, one can rewrite c (λ,wu) c (λ,w∗
u) in the denominator of (A.1) as

c (λ,wu) c (λ,w∗
u) =

(
1 − ρue

iϕu
) (

1 − ρue
−iθu
) (

1 − ρue
−iϕu

) (
1 − ρue

iθu
)

=
(
1 − 2ρu cosϕu + w2

u

) (
1 − 2ρu cos θu + w2

u

)
,

which gives (5.4) by substituting back ϕu := λ+ λu, θu := λ− λu.

In order to study fy (λ), we define the function g(λ) := h (λ− λu, ρu)h (λ+ λu, ρu) with

h (ϕ, ρu) := au − bu cosϕ, au := 1 + ρ2
u, bu := 2ρu and note that fy (λ) has a min (max) when

g (λ) has a max (min). Moreover fy (λ) is bounded when h (λ− λu, ρu) > 0 and h (λ+ λu, ρu)

> 0, which is always the case for |ρu| < 1 by Lemma A.2.

Define the notation ġ (λ) := dg (λ) /dλ, g̈ (λ) := d2g (λ) /d2λ; one finds

ġ(λ) = −2bu sinλ (bu cosλ− au cosλu) ,

g̈(λ) = −2bu cosλ (bu cosλ− au cosλu) + 2b2u sin2 λ,

where we have used standard trigonometric identities. Hence ġ(λ) = 0 if and only if either

sinλ = 0 (i.e. λ = 0, π) or cosλ = cu cosλu, where cu := au

bu
= 1+ρ2

u

2ρu
> 0 and |cu| ≥ 1, see

proof of Lemma A.2. A solution to cosλ = cu cosλu exists iff |cu cosλu| ≤ 1; in this case

λ = arccos (cu cosλu) It is simple to note that −1 ≤ cu cosλu ≤ 1 ⇐⇒ −c−1
u ≤ cosλu ≤

c−1
u ⇐⇒ arccos (c−1

u ) ≤ λu ≤ arccos(−c−1
u ), which gives (5.5). When |cu cosλu| > 1, there

is no solution in λ of cosλ = cu cosλu. Hence the stationary points of g and f are found at

λ = 0,∓π and, when |cu cosλu| ≤ 1, at λ = arccos (cu cosλu).

We next discuss signs of second derivatives. Assume first λu < arccos (c−1
u ) , so that

cu cosλu > 1; one has g̈(0) = −2b2u (1 − cu cosλu) > 0, and fy has a max at λ = 0. Moreover

g̈(∓π) = −2b2u (1 + cu cosλu) < 0, and fy has a min at λ = ∓π. Next assume , i.e. cu cosλu <

−1; one has g̈(0) = −2b2u (1 − cu cosλu) < 0, and fy has a min at λ = 0. Moreover g̈(∓π) =
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−2b2u (1 + cu cosλu) > 0, and fy has a max at λ = ∓π. Next if (5.5) holds, then −1 ≤

cu cosλu ≤ 1 and g̈(0) = −2b2u (1 − cu cosλu) < 0, and g̈(∓π) = −2b2u (1 + cu cosλu) < 0,

and fy has a min at λ = 0,∓π. Finally at λ♦ = arccos (cu cosλu) one finds g̈(λ♦) =

2b2u sin2 λ0 > 0, so that fy has a max at λ = ∓λ♦. �

Proof of Theorem 6.8. First we observe that by Lemma 3.2 and the polynomial rank factor-

ization of G(z) at zu, one has

Bu,0 = G(zu) = −ξu,0η
′
u,0 = −(Re ξu,0 : Im ξu,0)

(
Re η′u,0

Im η′u,0

)
+i(Re ξu,0 : − Im ξu,0)

(
Im η′u,0

Re η′u,0

)
,

where ImBu,0 6= 0 for u : 0 < λu < π and ImBu,0 = 0 for u : λu ∈ {0, π}; because

Au(z) = (1−w∗
uz)huBu,0 + (1−wuz)h

∗
uB

∗
u,0 = (huBu,0 + h∗uB

∗
u,0)− (w∗

uhuBu,0 +wuh
∗
uB

∗
u,0)z,

one has

Au,0 = 2 RehuBu,0, Au,1 = −2 Rew∗
uhuBu,0.

Because huBu,0 = (Rehu ReBu,0 − Imhu ImBu,0) + i(Rehu ImBu,0 + Imhu ReBu,0) one has

RehuBu,0 = −Rehu(Re ξu,0 : Im ξu,0)

(
Re η′u,0

Im η′u,0

)
− Imhu(Re ξu,0 : − Im ξu,0)

(
Im η′u,0

Re η′u,0

)
,

ImhuBu,0 = Rehu(Re ξu,0 : − Im ξu,0)

(
Im η′u,0

Re η′u,0

)
+ Imhu(Re ξu,0 : Im ξu,0)

(
Re η′u,0

Im η′u,0

)

and because w∗
uhuBu,0 = (Rewu RehuBu,0+Imwu ImhuBu,0)+i(Rewu ImhuBu,0−Imwu RehuBu,0)

one finds

Rew∗
uhuBu,0 = Rewu RehuBu,0 + Imwu ImhuBu,0.

Hence γ′Au(z) = 0 if and only if γ ⊂ col⊥(col Re ξu,0∩col Im ξu,0) and for real roots γ′Bu,0 = 0

if and only if γ ⊂ col⊥ ξu,0. By the duality result in (6.4), one has col ξu,0 = col βu,1, which

implies col Re ξu,0 = col Re βu,1, col Im ξu,0 = col Im βu,1. Hence col γ ⊆ col(Reβu,0 : Im βu,0)

and for real roots col γ ⊆ col βu,0. �

Proof of Theorem 6.9. Because

γ′u(z)G(z) = (z − zu)
mu γ̃′u(z)

where γ̃u(zu) has full column rank, see Franchi and Paruolo (2009) for the proof, one finds

γ′u(z) inv Π(z) =
γ′u(z)G(z)

g(z)
=
γ̃′u(z)

gu(z)
,

so that γ′u(z) inv Π(z) has no pole at z = zu. �
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