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ABSTRACT. This paper presents an additive decomposition of the moving average repre-
sentation of VAR(MA) processes into cyclical components. Each cyclical component is
associated with a root of the characteristic VAR polynomial and with a given frequency.
The proposed representation is unique and it provides explicit formulae for the the (dy-
namic) loadings of the variables onto the different cyclical components. The paper discusses
relations with existing definitions of stochastic cycles. Applications of this decomposition
include:

i) the computation of the fraction of each observation accounted by the different cyclical
components, similarly to the permanent-transitory decomposition of Beveridge and Nelson;

ii) the definition of co-cyclicality, in the sense of common features literature, when the
relevant feature consists of a cycle with given frequency;

iii) indications on how to orthogonalize the innovations in Structural VAR exercises, in
order e.g. to interpret one of the shocks as the one affecting the business cycle.
The implementation of some of the above techniques on the implied reduced VARMA form
of a given DSGE model and on empirical VARs would allow to ascertain if the given DSGE
model can replicate stylized cyclical features found in the data.

1. INTRODUCTION

Business cycles, defined as ‘economy-wide fluctuations in production or economic activity
over several months or years’ have been widely studied in economics, see the early work
of Burns and Mitchell (1946) and Stock and Watson (1999) for a more recent account.
Business cycles are hence by definition a) irregular, i.e. stochastic in nature, b) common to
many macroeconomic indicators, and c¢) characterized by a certain average periodicity.

One popular stochastic process used to represent cycles is the univariate AutoRegressive
process of order 2, AR(2), usually with two complex AR roots. This is because each of these
processes can be associated with a frequency, A\, say, or, equivalently with a periodicity of
27 /Ay. When one lets A\, tend to 0 (respectively m), an AR(2) with complex roots converges
to an AR(1) process has 2 real positive (respectively negative) roots; usually also these
processes are included in the definition of a stochastic cycle, see e.g. Harvey and Trimbur
(2003). This is the class of processes that are assumed to represent cycles in this paper.

Date: First version: August 21, 2009. This version January 26, 2010.

JEL classification: C32; C51; C52.
Key words and phrases. Multiple time series; Common cycles; Decomposition; Spectrum, Impulse Re-

sponse Functions.
We would like to thank Gianluca Cubadda, Niels Haldrup, Alessandra Luati, Rocco Mosconi, Timo

Terasvirta, and participants of the mini workshop ‘Stationary and non stationary VAR models’ held in
Aarhus, October 2009. The first version of the paper was written while the first author was Carlo Giannini
Fellow 2007-2009; partial financial support is acknowledged from the Carlo Giannini Research Fellowship in
Econometrics.

'Definition taken from http://en.wikipedia.org/wiki/Business_cycle
1



Business cycles are by definition common to many economic time series. The loadings of
multivariate systems onto univariate AR(2) cycles are explicitly built in the specification of
Structural Time Series (STS) models, see e.g. Harvey (1990). Several of these models have a
vector autoregressive moving average (VARMA) reduced form; the VARMA parameters are
a function of the common structural cycles. Because the structural parameters are estimated
directly, there is no need to recover the structural parameters of the cycle from its VARMA
reduced form.

VAR(MA) models are very much in use in applied macroeconomics; they allow to discuss
common trends and cycles, and they provide impulse responses to shocks. When considering
a generic VARMA model, it is not straightforward to recover the common cycles hidden in
it. The purpose of this paper is to provide a a representation theory which discusses the
association of VARMA coefficients with (common) cycles.

Beveridge and Nelson (1981) proposed a univariate decomposition of economic time series
into a random walk component (trend) and a stationary component (cycle), the so-called
BN decomposition. Their results have been extended to the multivariate case, where the
trend component can be common (in presence of cointegration), see e.g. Proietti (1997).

This paper proceeds in this tradition to propose a multivariate decomposition of the sta-
tionary component of a VAR(MA) into cycles, each one characterized by different frequency
(and amplitude). This decomposition can be coupled with the multivariate BN decompo-
sition to produce a joint decomposition into trends, cycles (with different frequencies), sea-
sonals (identified with cycles with seasonal frequency) and an irregular component, which is
given by a finite order MA process.

Several economic theories predict common cyclical components. For instance, the perma-
nent income hypothesis (PIH) implies a common cycle between aggregate consumption and
aggregate income, see Campbell and Mankiw (1990). This in turn implies that there exists
a linear combination of consumption and income that does not include a cycles, i.e. that
this cyclical feature is a common feature in the sense of Engle and Kozicki (1993). Common
cycles have been widely discussed in the literature, see Vahid and Engle (1993, 1997) and
Hecq, Palm, and Urbain (2006) inter alia. The decomposition presented in this paper can
be used to discuss co-cyclicality as rank reduction of the loading matrices.

The present results generate tools for a descriptive decomposition of observed economic
time series. These methods can also be used as model evaluation tools; for instance the
reduced VARMA form of a DSGE may be scrutinized for common cycles as a stylized fact
that these models are capable of replicating. A similar analysis performed on estimated
VARs may reveal is these features are found in the data as well. Finally, these results may
serve as a basis for tests of co-cyclicality as implied e.g. by PIH theories.

A different application of the present results is to devising new methods to orthogonalize
innovations in Structural VAR exercises, in order e.g. to interpret one of the shocks as the
one affecting the business cycle.

The rest of the paper is organized as follows: Section 2 introduces notation and definitions
of structures of interest, Section 3 present the additive cycle decomposition, Section 4 dis-
cusses its relation with the n-order stochastic cycle of Harvey and Trimbur (2003). Section 5
describes the spectral properties of the stochastic cycles, Section 6 discusses how to obtain
cancelations of the cyclical components by linear combinations and/or by filtering of the

observed series. Section 7 presents examples, while Section 8 reports conclusions. In the
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Appendices we present some mathematical results that are needed for the derivation of the
representation results.

A final word on notation. In the following, a := b and b =: a indicate that a is defined
by b; any sum ZZ:(I' where b < a is defined equal to 0. For any matrix polynomial
m(z) = ZZ’;O 2", 2 € C, m, € CP*" where 0 < r < p, we indicate its degree by d,, i.e.
d; = degm(z) and 0 < d, < oo; when 7, € RP*" we say that 7(z) has real coefficients. For
zy € C, |2,| indicates its modulus.

For any full column rank matrix v € CP*", ~* indicates its complex conjugate and v/ its
conjugate transpose; in case 7 is real, 7/ reduces to the transpose. We indicate by col(7)
the linear span of the columns of v with coefficients in the field C or R if v is complex
or real, respectively. v, indicates a basis of col*(7), the orthogonal complement of col(y).
3 :=y(y'7)"! so that P, := 49’ = 73 denotes the orthogonal projector matrix onto col(7)
and M, := I — P, the orthogonal projector matrix onto colL(’y). For a matrix A we often
employ a rank factorization of the type A = —af’ where a and [ are bases of col(A) and
col(A’), and the negative sign is chosen for convenience in the calculations. Finally, 1, is
the indicator function equal to 1 if 7 = k and 0 otherwise.

2. SETUP AND DEFINITIONS

In this section we introduce notation and state the autoregressive (AR) and moving average
(MA) representation of a VAR system. We consider the vector autoregressive process (VAR)
of finite order dp

21) S X =

where II,, € RP*P TIy = I and ¢ is a p-dimensional martingale difference sequence (with
respect to the natural filtration generated by X;) with positive definite conditional covari-
ance matrix €2. A leading example of this is when ¢, are Gaussian i.i.d. random vectors.
Deterministic components D, are omitted from (2.1) for ease of exposition; they could be
included by replacing X; with X; — D; or by replacing ¢; with ¢, + D;.

Indicate the AR polynomial in (2.1) by II(z) := Zjﬁgo 12", z € C, by detIl(z) and
adjII(z) its characteristic and adjoint polynomials. Remark that, because II(z) has real
coefficients, so do detII(z), adjII(z) and invII(z) = adjIl(z)/detII(z). It is useful to fac-
torize the characteristic polynomials in terms of its roots; because I1(0) = I, one can write
detII(z) = [T?_,(1 — wy2)*, where w, := 2z, ! and z, is a root of det II(z) with multiplicity
a, > 0. We also define zy;, := min, |z,| and observe that zp, > 0.

The power series representation of invII(z) has real coefficients and it is written as

C(z) :==invIl(z) = ZC’nz", 2] < Zmin,
n=0

where C'(0) = Cy = invIly = inv [ = I. It is well known (see e.g. Brockwell and Davis, 1987,
page 408) that if I1(z) has stable roots zmm, > 1, so that C'(z) is holomorphic on a disk larger
than the unit disk, then the following moving average (MA) form corresponds to a linear

process with second moments,

(22) Xt = Z CTLEt—na Cg =1
n=0



3. MOVING AVERAGE DECOMPOSITION

Some of the factors in det I1(z) could be common to adjIl(z); we state the cancelation of
their common factors as the following lemma, for ease of later reference. The same lemma

gives also the order of the pole of invII(z) at z = z,, labeled m,.

Lemma 3.1 (invII(2) has pole of order m,, at z = z,). One has

adjI1(z) =: G(2) ﬁ(l —w,2)™, 0<b, <a,, G(z,)#0,

u=1

where G(z) has real coefficients,

, G(z)
invIl(z) = , 2€C\{z,...,2,},
() g(z) \{1 q}
where
q
Hl—wu My = Ay — by > 0,

has real coefficients, and inv H( ) has a pole of order m,, at z = z,.

Note that when there are not such common factors, G(z) = adjII(z) and g(z) = det II(z).
In Theorem 3.3 below, we introduce a novel representation, which we call the additive cycles
(MAD) representation of X;. This is derived from the Laurent series representation of
C(z) and gives an additive decomposition of the MA form X; = >~  Cp€_,, where the
contribution of each root to the dynamics of the process is made explicit. In (3.2) below,
X, is written as the sum of matrix polynomials A, (L), B,(L) which respectively load the
MA (o0) processes ¢, (L)€, d,,(L)e; plus an additional finite MA part R(L)e;, which is present
only when dg > d,, where d¢ = deg G(2) and d, := deg g(z). All the coefficients of such a
representation are real and uniquely determined by I1(z).

In order to compute it, we employ Lemma 3.2 below. This lemma shows how to construct
a polynomial B(z) that approximates a polynomial P(z) around ¢ points up to a given order

of derivative?, here indicated with f(™(z,) := a% (z)‘Z:Z :
Lemma 3.2. Let P(z), z € C, be a matriz polynomial of degree dp and p(z) := [[!_, (= —

zu)% be a scalar polynomial of degree d,, where z, € C are distinct and £,, > 1; then one has

P(z) = B(z) + p(2)R(2),

where B(z) is a matriz polynomial of degree dgp = d, — 1 such that for n = 0,...,0, — 1
and w = 1,...,q, one has B™(z,) = P™(z,) and R(z) is a matriz polynomial of degree
dr = dp — dp,. In particular,

Ly—1

S REBG. m) = B B = 3 Bl - 2"

where

2A particular case of the same formula is used to find the error correction representation of a VAR in
Johansen (2009).
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We apply Lemma 3.2 to P(z) := G(z) and p(z) := hg(z) = [[!_,(z — z,)™, where
ho=T1_ (=24)™ =t (=24)™*hy. This gives

G(2) = Y hugu(2)Bu(z) + hg(2)R(2),

where g(z) =: (1 — w,2)"*g,(2); dividing both by sides by ¢(z), one has

(3.1) ian(z):Z%—l—hR(z), z2€C\{z1,...,24}-

Because II(z) has real coefficients the complex roots come in conjugate pairs; next we group
them together, and in (3.2) below we give a decomposition of X; which exclusively involves
terms with real coefficients, see Lemma A.1. We represent the reciprocal of both real and
complex roots in polar form, i.e. we define (A, p,) from w, =: p,e* with 0 < \, < 27, and
order them using a lexicographic order® on the pairs (A, py).

Theorem 3.3 (Moving average decomposition (MAD)). Let w, =: p,e? with 0 < \, < 27

and h = []1_ (—z,)™ =: (—24)™" hy; then one has
(3.2) Xi= > AL+ Y hBu(L)du(L)e + hR(L)e,
w:0< Ay <7 w: Ay €{0,7}

where, see Lemma 3.2, B,(z), R(z) are matriz polynomials with real coefficients and degree
dBu :mu—l, dR:dg—dg,

Au(z) = (1 —wi2)™hyBy(2) + (1 — wy2)™h By (2)

has real coefficients and degree da, = 2m, — 1, and

(3.3) cu(z) = <Z Wpﬁz”) : dy(z) :== (Z pZz")

converge for |z| < zyin-

The following remarks are in order:

i) Eq. (3.2) gives an additive decomposition of the MA form X; = Y~ Cy,€;_,,, where
the contribution of each root to the dynamics of the process is made explicit. All the
coefficients in (3.2) are real and uniquely determined by II(z).

i1) In the first term one finds the contribution of the complex roots. In particular, the

component of the dynamics of X; which is due to the complex pair z,, 2} is given

by Au(L)c,(L)er, where y, ¢ == ¢, (L)(;, with (; a univariate white noise, is the MA
representation of the univariate AR(2)™ process

(1 —2p, cos A\, L + piL2)m”yu,t =G

and
1 —2p,cos Az + p22% = (1 —wy2)(1 — wiz),

using w,, =: p,e?* = p,(cos A\, +isin \,).

3This means t < s if and only if Ay < Ag or (Ar = As and p; < ps).



i11) When m, = 1, ¢,(L)(; describes a cycle with period 27/), and amplitude p2. The
sin(n+1)\y pn sin(n+1)A,
sin Ay u’ sin Ay

times a damping factor p?. If m, = 2, ¢,(z) has a power series representation with

coefficients of ¢,(z) are ¢, := composed of a cyclical function
coefficients given by the convolution of the coefficients {¢, } with themselves, i.e. the
n-th coefficient in the power series ¢,(z) is ¢y, = Z?:o ©;Pn—;. Similarly for the
cases m, = 3, ... one obtains the m,-th order convolution.

iv) In the second term one finds the contribution of the positive (A, = 0) and negative
(A, = m) real roots. The contribution of z, is given by B,(L)d,(L)e;, where y, ¢ :=
d,(L)(;, with ¢; a univariate white noise, is the MA representation of the univariate
AR(1)™ process

(1 - wuL>muyu,t = Ct-

When m,, = 1, d, (L) gives either a dampened oscillation for w, < 0 or a geometric
decay if w, > 0. We observe that the remark in i) applies here substituting c,(z),
©n with d,(z), w,. This gives the generic coeflicient of d,(z) as the m,-th order
convolution of {w,}.

v) When dg > d,, one finds the additional term R(L)e; of finite degree d¢ — d,. Hence
only the first two terms are responsible for the presence of infinite memory in Xy, i.e.
for cov(Xy, Xy—p,) # 0 for all n.

4. RELATIONSHIP WITH THE STOCHASTIC CYCLES OF HARVEY AND TRIMBUR

In this section we discuss the relationship between univariate AR(2)™ processes and the
stochastic cycles of Harvey (1990), Harvey and Trimbur (2003), Trimbur (2006), see also
Luati and Proietti (2009) for extensions. Both processes have the same AR polynomial, and
they differ because of the presence of a MA component present in the stochastic cycles of
Harvey and Trimbur (2003), which is absent in the AR(2)™ processes.

The MAD representation involves AR(2)™ processes y,: as stochastic cycles or order n,

where y,,; is defined by
(4.1) (L —=2pcos AL + p°L?)" yny = G

with (; an uncorrelated univariate white noise with mean 0 and covariance matrix 02. The
AR polynomial of (4.1) is a(L)™ where a(L) is the polynomial a(z) := 1—(2pcos \) 2+ p?2? =
(1 — pe™z) (1 — pe=™z), with two complex conjugate roots at p~'e*™.

Harvey and Trimbur (2003), building on Harvey (1990), consider the following bivariate
. . . !/
processes PP = (wﬂ/ : gl)

; ; - A sin A 10
49 b _ ] [i-1] — oS —
( ) t th—l + Swt ) G 10 . SiIl A COS /\ ) S O O 9

for j =1,2,...,n, where 0 < X\ < 7 is a given frequency, 0 < p < 1, and wlo} = (K @ ko) 18
an uncorrelated white noise with mean 0 and covariance matrix ¥ := diag(c?, 03). Because
of the selection matrix S, there is no loss of generality in setting o5 = 0. They identify @/}E"t]
as the n-th order stochastic cycle. Trimbur (2006) studied the properties of such processes
when S = I, and 0? = o5. We consider here the original setup (4.2) of Harvey and Trimbur
(2003), with 02 = 0, which involves a single input disturbance ry;, as in the AR(2)" case.



The univariate representation of @ZJ@ is an ARMA(2n,n) of the type
(4.3) (1 —2pcos AL + p°L?)" 1/1%”2 =(1—pcosAL)" k14,

as can be obtained by computing the final equations form of (4.2), see Harvey and Trimbur
(2003)*. Comparing (4.1) and (4.3) one sees that wﬁ”} and y,; share the same AR polyno-
mial a(L)"; however, while y,; has no MA polynomial, wgng involves the MA(n) polynomial
(1 — pcos AL)".

Another way to discuss the relationship between @A”j and v, is by comparing the com-
panion form of y,,, directly with the definition (4.2) of ngng To this end, define Y;[j I (yjt -

yji—1) as state vector for (4.1); one finds

4 ‘ - 9 N
(4.4) Y;[j] = FY;[i]l + SY;U 1]’ Fo— < pClos Op )

for j = 1,2,...,n with ¥, := (¢,: 0), and covariance E(Y;" V") = diag(cZ,0). The
following theorem shows that the matrices G in (4.2) and F' in (4.4) are similar.

Theorem 4.1. The matrices G in (4.2) and A in (4.4) are similar, i.e. G = HFH ' or
F = H'GH with

H = (p2+1)% ( _(PSion)\)l co;c/\ ) 7 -l (,02—1-1)_% ( —pzin/\ pccl)s/\ ) 7

where both F and G have as matriz of eigenvalues A := diag(pe™, pe=*).

We observe that F', G, H are all real matrices, unlike the matrix of eigenvalues A :=
diag(pe™, pe=*), which is complex. The following corollary shows that this implies that the
generating mechanisms in (4.2) and (4.4) are related by the nonsingular transformation H

above.

Corollary 4.2. Consider the AR(2) process y1; defined in (4.1) with companion representa-
tion (4.4) and the matrix H as defined in Theorem 4.1; then @Z)P] = HYt[J] satisfies eq. (4.2)

with n =1 and

2
o _ o p 1 2 _
(45) 01 _ngzsi—n”\’ 0y =0.
Vice-versa one can generate ¥ as in (4.2) with (4.5) and set v = HM which
satisfies (4.4) forn = 1.

Let H =: (Hy : Hy) and H™! =: (H' : H?)', where H} and H” are the j-th rows of H
and H ™! respectively. The Corollary above implies that the bivariate generating mechanisms
of th and wtm correspond 1 to 1, and 1/)%11 and v+ can be obtained by different sampling
schemes from this bivariate process. In fact, one could generate the stochastic cycle ¢£” and
obtain wﬂ and y;; as wﬂ = (1: 0" and y1, = H'y[", where (1 : 0) and HY are the
sampling vectors. Symmetrically, one could generate the stochastic cycle Yt[l] and obtain
1/1%11 and y; ¢+ as wH = H{Y}m and y; = (1 : O)Y;m, where H] and (1 : 0) are the sampling

vectors from the same bivariate process Yt[l].

4See pag. 247 there, the lines preceding eq. (11).



The comparison of the companion form with (4.2) in the general case n > 1 is less straight-
forward. In fact, pre-multiplying (4.4) by H one finds

(4.6) ( Hyt[n]) —a ( HY" ) 4+ HSyn Y

where, however, HS # SH, i.e. the two matrices do not commute. If they did, then (4.6)
would be equal to (4.2) when setting ™ = HY,".

5. SPECTRA AND IMPULSE RESPONSES OF CYCLICAL COMPONENTS

In this section we describe the power spectra of the AR(1)" and AR(2)"™ processes

(5.1) (1 —wul)" yne = G,
(5.2) (1 — 2p, cos A\ L + piL2)n Yni = G
in (3.2).

Here 0 < p, < 1, 0 < |w,| < 1, 0 < A\, < 7. These results are directly derived from
the standard results on the spectral density of stationary univariate AR(p) case, see e.g. eq.
(4.3.8) page 160 in Fuller (1996); they are reported here for completeness. We start with the
AR(1)" case.

Proposition 5.1 (Spectrum of AR(1)"). The spectral density f, () of an AR(1)™ process
(5.1) with |w,| < 1 is bounded and it is given by

0_2 1 n
5.3 A) = == —r< AL T
(5:3) Jy ) 27r<1+w3—2wucos)\)’ T=A=T

For w, = 0 one finds the flat spectrum of a white noise process; if w, > 0, the spectral
density f, (X\) has a mazimum at A\ =0 and two minima at A = Fx; if w, <0, the spectral

density f, (X\) has two mazima at A = Fr and a minimum at A = 0.

The next two figures illustrate Proposition 5.1.

FIGURE 1. log f,(A\) for AR(1)* processes with w, = 0.4 (dashed blu line),
+0.6, (dash-dotted black lines) £0.8 (solid red line).

Figure 1 plots the logarithm of spectral density of six AR(1)! processes fixing n = 1; we
note that log f,(\) has a symmetric behavior for positive and negative roots and that its
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peak is inversely related to the absolute value of the root, i.e. it grows with |w,|. Next we fix
w, = 0.8 and in figure 2 we plot log f,(A) for AR(1)™ for three values of n; this shows that
the peak is directly related to n, so that the higher n the higher the portion of spectrum on
the left.

FIGURE 2. log f,(\) for AR(1)" processes with w, = 0.8 and n = 3, (dashed
blu line), n = 2, (dash-dotted black lines) n = 1 (solid red line).

Similarly, we discuss the AR(2)™ case, see e.g. Jenkins and Watts (1969) p. 228-229 and
Box and Jenkins (1976) p. 62 for the AR(2) case.

Proposition 5.2 (Spectral density of AR(2)"). The spectral density f,(\) of an AR(2)"
process (5.2) is bounded for p, < 1 and it is given by
(5.4)

9 n n
1 1
) ¢ —m <A<
fy ( >—2ﬂ_ (1 pg—qucos()\—)\u)) (l+pi—2pucos()\+>\u)> ’

For p, = 0 one finds the flat spectrum of a white noise process; for 0 < p, < 1, the extremum

points of f, (\) depend on the condition

1 1 1 2
(5.5) arccos <—> < A\, < arccos (——) , Cy i= Rl > 1.

Cy Cy 2 Pu

If (5.5) is satisfied, then f,(\) has minima at A = 0, F1 and mazima at X\ = FAy, where
Ao 1= arccos (¢, cos Ay ); in general Ao # A, while lim,, 1 Ay = A,. If A\, < arccos (¢, ),
then f, (A) has a mazimum at A = 0 and minima at A = Fx; if arccos (—c,; ') < A, then

fy () has a minimum at X = 0 and mazima at A\ = F7.

A few remarks are in order.

i) The extrema of the spectral density f, () in (5.4) do not depend on n. More
precisely, n influences only the scale and location of log f, (A), but not its form. In
fact log f, (A\) = a +nl()), where a := log 07 — log 27 does not depend on A, n and
C(N) :==log h(A — \y) +log h(A + \), h(p, p) :=1—2pcos e + p?.

it) The location of the maximum of the spectral density f, (A\) depends both on A, and
pu; the dependence on p, involves the condition (5.5) and the coefficient ¢, which
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regulates the diplacement from A, in Ay := arccos (¢, cos A, ), which is defined if this
condition holds.
i11) When A\, = /2, the spectral density becomes

o= % ( : )
’ 2m \ (1 + p2)* = 4p2sin® (A)
which is symmetric also over the segment 0 < A < 7 (respectively —m < A < 0)
about the line A = 7/2 (A = —7/2) with maxima at Fr/2.

iv) ¢, is a monotonically decreasing function of p,. As p, becomes small, one finds large
values of ¢, and arccos (c;!) and arccos (—c, ') both get close to 7/2; for fixed A,
this implies that the condition (5.5) eventually fails as p, becomes small, and one
has extrema only at A\ = 0 and A = Fm, where the location of the min and max
depends on where A, is with respect to 7/2. When p, increases to 1, ¢, tends to 1
as well and the condition (5.5) approaches —m < A, < m, which will be eventually
met for any A\, # 0, Fr. At the same time the diplacement due to ¢, disappears and
lim,, 1 Ay = Ay

v) The displacement ¢, > 1, so that A is closer to 0 than A,,.

The next two figures illustrate Proposition 5.2.

FIGURE 3. log f,(\) for AR(2)! processes with A\, = 7/4 and p,, = 0.4 (dashed
blu line), 0.6, (dash-dotted green line) 0.8 (solid red line). The vertical line is
at A =\, =7/4.

Figure 3 plots log f,(A\) for three AR(2)" processes fixing n = 1 and A\, = 7/4; we note
that the peak is not at A, (vertical line) and that it grows with |w,|. Next we fix p, = 0.6
and in figure 4 we plot log f,(\) for AR(2)™ for three values of n; this shows that n does not
affect the displacement of the peak and that the higher n the higher the portion of spectrum
on the left.
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FIGURE 4. log f,()\) for AR(2)" processes with A\, = /4 and p, = 0.6 and
n = 3 (dashed blu line), n = 2, (dash-dotted green line) n = 1 (solid red line).
The vertical line is at A = A\, = 7/4.

Next we illustrate the univariate impulse response functions (IRF) ¢,(2), d.(z) in (3.3).

8

Ficure 5. IRF d,; for AR(1)" processes with w, = 0.8 and n = 1 (dashed
blu line), n = 2, (dash-dotted black lines) n = 3 (solid red line).

Figure 5 plots d,, , in dy,(2) =: >~ dyn2" for three AR(2)" processes fixing w, = 0.8; the
coefficients of the expansion decrease exponentially only for n = 1 while they display a peak
that moves on the right and increases magnitude as n grows. A similar behavior applies for
w, < 0 and for complex roots, see figure 6 and 7 in the next page.
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10

h

FiGure 6. IRF d, ), for AR(1)" processes with w,, = —0.8 and n = 1 (dashed
blu line), n = 2, (dash-dotted black lines) n = 3 (solid red line).

10

0 10 20 30
h

F1cure 7. IRF ¢, for AR(2)" processes with A, = 7/4, p, =0.8 and n =1
(dashed blu line), n = 2, (dash-dotted black lines) n = 3 (solid red line).

6. PROPERTIES OF THE LOADINGS IN THE MAD REPRESENTATION

In this section we describe the left-null space structure of the loadings A,(z), B,(z) in
(3.2); this is useful to characterize linear combinations of X; which have specific spectral
properties.

First we introduce a procedure called ‘polynomial rank factorization’ of a matrix polyno-
mial at a given point. Let A(z) be a square matrix polynomial whose inverse has a pole
of order m at z = w; the polynomial rank factorization Definition 6.1 below gives a char-
acterization of the set of reduced rank restrictions that are satisfied by the coefficients of
a matrix polynomial whose inverse function has a pole of given order at a specific point.
That is, if A(z) and its derivatives at z = w satisfy those conditions then inv A(z) has a

pole of order m at the same point; the converse is also true, i.e. if inv A(z) has a pole of
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order m at z = w then A(z) and its derivatives at z = w satisfy the rank restrictions of the
polynomial rank factorization at that point. Hence the polynomial rank factorization is a
one to one and onto map from the structure of the matrix polynomial to the order of the
pole of its inverse function which reveals the relevant subspaces that characterize its reduced
rank structure. This result is based on the recursive algorithm developed in Franchi (2009)
and further analyzed in Franchi and Paruolo (2009).

Definition 6.1 (Polynomial rank factorization of A(z) at z = w). Let A(z) = Ziio An(z—
w)™ be a square matriz polynomial whose inverse has a pole of order m at z = w; define ay
and By from the matrix rank factorization

(6.1) Ay = —aoff
and for j=1,....m, let aj :== (g : -+ : aj_1), bj == (8o : - -+ : Bj_1) define a; and 3; from
the matrix rank factorization
(6.2) Mo, Aj i My, = —a; 3,
where A, is defined for j,k > 1 from the recursions
j—2
(6.3) Ajp = A1 p1 + A1 Z By A i
n=0

with initial values Ag == Ap_1.
The following additional remarks are in order:

Remark 6.2. FEq. (6.1), (6.2) define o, B; up to a conformable change of bases of the row
and column spaces; this does not affect the results.

Remark 6.3. The square matrices (o : -+ @ aup,) and (Bo : -+ : Bm,) are non-singular
with orthogonal blocks, i.e. oy, = BB, =0 for j # k.

Remark 6.4. The conditions (6.2) are reduced-rank conditions for j =1,--- m — 1, while
the terminal condition for 7 = m is a full-rank condition.

Remark 6.5. For w = 1, and m = 1, m = 2 these conditions were derived by Johansen
(1992) and are called the I(1) and 1(2) conditions.

Remark 6.6. There is a duality between the polynomial rank factorizations of A(z) and of
its (reduced) adjoint H(z), say; let o, B; and &;, n; be respectively defined by the polynomial
rank factorization of A(z) and H(z) at z = w; then for j =0,...,m, one has

(6.4) col§; = col B, —; and coln; = col ap,—j,

see Franchi and Paruolo (2009) for the proof.

Remark 6.7. In the following we let ay; = (o @ -+ aj—1), buj = (Buo -+ Puj-1)
and ng,g be defined by the polynomial rank factorization of I1(2) at z = z,, so that the point

at which the procedure is conducted is explicitely referenced.

Next we present relations among the coefficients of the polynomial rank factorization of
II(z) at z = z, and the left-null space structure of the loadings, starting from the leading

case with m, =1, u=1,...,q.
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Theorem 6.8 (Left-null space structure of the loadings when m, = 1). Let m, = 1, u =
1,...,q, then

Xi= > (Awo+AuLe(L)e+ Y huBuodu(L)e + hR(L)e,
w:0<Ay < w: Ay €{0,7}
where

7' Byuo =0 < coly C col B,

and
7Y (Auo : Au1) = 0 col(y) C col(Re Bup : Im Bup),
where a0, o = 1(2,).

Because col B, g = col 3,1, the contribution of the root z, is always absent from the linear
combination (3, , X¢; when the root is complex this however leads to a complex process. When
A = colRe B, Ncollm 3,0 # {0} it is possible to find a real linear combination 7' X; that
eliminates the contribution of the complex pair z,, 2} by letting v C A.

In general, using the coefficients defined by the polynomial rank factorization, we construct
a matrix polynomial v,(z) such that 4/ (L)X; does not contain the contribution of the root

2y, see Theorem 6.9 below.

Theorem 6.9 (Left-null space structure of the loadings). Let oy, ;, By, be defined by the

n

polynomial rank factorization of I1(2) = Zfio My n(z —2,)" at z = 2, and

my—1
(6.5) Yul?) = uO Q0 Z —2u) My (1 — wu2)™;
then

'Y;(L>Xt

does not contain the contribution of z,.

Note that when the root is complex this however leads to a complex process. The condi-
tions under which it is possible to eliminate the contribution of the complex pair z,, 2. are

still work in progress.

7. EXAMPLES: POLYNOMIAL RANK FACTORIZATION AND MAD REPRESENTATION

7.1. Example 1. Here we illustrate how to calculate the MAD representation of a VAR and
illustrates the duality result in (6.4); consider

1 —4/3 111
X, = X, — X ;
t ( 5 5/3> t1+2<1 1) t—2 T €;

detII(z) = —%(22 -3)

. 10 —5/3 —4/3 11 -1,
adJH(z):<O 1)—1—( 5 ) )Z_ﬁ(—l 1)2.

Hence there is only one characteristic root, it has multiplicity one, i.e. w; = % and m; =1,

then

and

and the difference between the degrees of adjlIl(z) and detII(z) equals 1, which implies
dr = 1.
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The polynomial rank factorization of II(z) at z = 2 gives

_ 1 . / _ . / _ 4 . / _ . /
040—8(1. 3), ﬁo— (117), 041—1275(31), 51—( 711)
and that of G(z) at the same point
1 4

& = g(—7 (11, me=—-(3:1), & = ﬁ(ll 27, om=(1:-3);

this illustrates the duality result in (6.4). Then the MAD representation is
[o¢] 2 n
(71) Xt =B ; (g) €t—n + RoGt + R1€t,1,

-7 29 7 1 -1
WhereB:é<11)(3:1)7]%0:%(_33 _3>andR1:%<_1 . ) Note that

(7.1) can be written as

-7
X = ( 1 ) ¢t + Roey + Ry,
where ¢; == 7 (%)n Uus—,, 1S univariate because u; := %(3 : e

The next two figures illustrate (7.1).

0.5

xl’ Cl

—-0.5¢

0 20 40
t
FIGURE 8. 50 realizations of the first variable in the VAR(2) process in (7.1).

Red line: X, time series, blue dashed line: ), time series of the cycle. Both
series are scaled by their sample range.
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FIGURE 9. 50 realizations of the second variable in the VAR(2) process in
process in (7.1). Red solid line: Xy, time series, blue dashed line: Cy; time
series of the cyclical component (the same series used in Fig. 8. up to sign).
Both series are scaled by their sample range.

7.2. Example 2. Here we discuss the iterpretation of the MAD representation using the
VAR in Benati and Surico (2009),

1.21 0.01 0.14 —-0.32 —0.01 —-0.05
Xy= 1 —0.03 047 0.07 | Xio1 + 0.02 —0.02 —0.02 | X2+ €
—0.11 —0.05 1.02 0.08 0.00 —0.23

because
detII(2) = c.(z — 1.24)(z — 1.57)(2 — 2.18)(z — 2.38)(z — 2.95)(z — 20.95),

each the characteristic root z, is real and it has multiplicity m, = 1. Moreover, because
degadjTI(z) = 4 and degdetII(z) = 6, their difference is negative and the finite MA part
R(L)e; is absent from the MAD, see Remark v) below Theorem 3.3.

By computing the polynomial rank factorization of II(z) at z,, we define a,;, 5, ; for
u=1,...,6 and j =0, 1; the MAD representation is

q
(7.2) X; =Y Budu(L)e,
u=1



where B, = —w,3,1a, ; and d,(z) = > 07 jwiz", w, := 1/z,. Here one has
1 1
Bl =] —003 |(1.78:-0.27:1.87),B, = | —0.22 | (0.61:0.69 : —2.76),
—0.13 —1.18
1 1
By =| —144 | (=051:-0.71:0.58),Bs= | 07 | (=0.97:0.25:0.28),
—2.28 —0.87
1 1
Bs = 18 [(0.07:0.04:0.03),Bs= | —31.5 | {355(0.16:4:—0.4).
—14.4 0.82

Hence (7.2) can be written as

17

1 1 1
X, = —0.03 |+ —0.22 | o+ —1.44 | ¢34+
-0.13 —1.18 —2.28
1 1 1
0.7 Cap + 1.8 cse+ | —31.5 | cey,
—0.87 —14.4 0.82
where ¢, ; = ZZO:O wyuy—y, 1s univariate because u; = —wuaﬁhlet. Note that the MAD
representation is invariant with respect to the orthogonalization of the shocks; in fact, for
e = D& and Var(&) = I, one has u; = —w,a, ;D& and Var(u) = wid), DD'ay, =

wid, | Var(e)an,.
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The next figure plots ¢y, ..., cs in (7.2).

C1 c2
j 0.4 F ‘

| 0.2 H

— 0 B

| 0.2 .

-0.4 4

| | | | | | | | -0.6 | | | | | | | | |

10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100

c3 ca

0.4 | | | | | | | | |
10 20 30 40 50 60 70 80 90 100

L ! ! ! !
10 20 30 40 50 60 70 80 90 100

-0.6

C5 C6

10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100

F1GURE 10. 100 realizations of the six stochastic cycles.



Next we associate cycles to variables.
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X1,Cc1
I
0.6 //\\ i ~ -
\ \ .
04 g\ \m [ N " / —
/ B / - P N : ~
0.2 - — / v \\\ /’ N 'yl—/\\»‘//(“\ / N w\\\\ A /%/\«/ \\/\ \\ e a
z N AN \ // \ \ /-
0 N \( /\ \\\vl 7 \\ Y \/ PN ,// \\/f‘// VoY Y \:‘/// \ \// \ \ /4
~YL/ X / J \ o ! o
02\ WS S/
— v \;/\
0.4 F v
10 20 30 40 50 60 70 80 90

X3,C2
0.6
~

04 N /"r )\ /\\\ N /////\T: A\ |
0.2 - 1 [T N /TR [ \ I

: /) /| N\ [N/ : \ T >

i/ / RV, [ \/ \- i/
0 i) // N/ / WV \ A oa /] 7
RAVERYaV i /A iy /f \A
'02 ~ \% \‘\/,/ !/ - N \\, \ /,/’f’ \ —
-04 ' \/—//' %\\;
-0.6 =
10 20 30 40 50 60 70 80 90 100

FIGURE 11. Association of cycles and variables. Red line: X, time series,
blue line: C,; time series of the cycle. Both series are scaled by their sample

range.

8. CONCLUSIONS

The MAD representation provides a decomposition of a VAR process into cyclical compo-
nents, which are closely connected with existing definitions of stochastic cycles. Cancelations
of the cyclical components by linear combinations and/or by filtering of the observed series

is discussed.
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APPENDIX A. PROOFS

Proof of Lemma 3.1. Because detIl(z,) = 0 one has 0 < rankIl(z,) < p — 1; when 0 <
rank I1(z,) < p—1 one has adjII(z,) = 0 and thus each entry of adjII(z) contains the factor

(1 — 2/2,)" for some 0 < b, < a,; if rankII(z,) = p — 1 then adjII(z,) # 0 and thus b, = 0.
If Tm 2, # 0 then the same applies to z. Let g(z ) ! (=z/z)™ = (1—2/2z,) ™ gu(2);
because invII(z) := Zdig(z) and G(z,), gu(24) # 0 one has the last statement. O

Proof of Lemma 3.2. We observe that p,(z;) = 0 for u # j and B,(2,) = Buo = P(zu)/Pu(2u);
this implies that v(z) := P(z) — B(z) = P(z) — Y>_!_, pu(2)Bu(2) is zero for z = z,, for all

u=1,...,q. Hence v(z) contains a(z) := [[!_,(z — z,) as a factor, i.e. v(z) = a(z)R,(2).
Note next that p,(z) contains the factor (z — 2;)% for u # j so that p&n)(zj) = 0 for
n = 0,...,¢; —1. This factor appears in the derivative of B(z) of order n evaluated at
Z = Zj,
q n
n n—w n w n—w
B =3B ) = 03 (M) B = 3 (1) B )
u=1 u=1 w=0 w=0

where we have used Leibniz rule on the derivative of a product in the second equality.
By definition BJ(»"_w)(zj) = (n—w)!Bjpw = H](”_w)(zj) so that, applying Leibniz rule
backwards to Yo ()P} () By (z)) = Sy (1)p)" <wﬂmww> mﬂﬂww,
one finds BM™(z;) = (p; H;)™(z;) = P™(z;). This proves B (z;) = P (z;) and v (z;) =
Oforn=0,...,0; —land j=1,...,q, so that v(z) = p(z)R(z).

Next observe that the degree of p,(z) is dp,, = d, — £, where d, := >1_ ¢, and the degree
of B,(z) is dp, = ¢, — 1 so that the degree of p,(2)B,(2) is d, — 1; this implies that also the
degree of B(z) is dg = d, — 1. Because degv(z) = degp(2)R(z) = dp, one has dg = dp — d,,.
This completes the proof. O

The next lemma is used in the proof of Theorem 3.3 below.
Lemma A.1. Let z, = z; then B,(z) = Bu(2)*.

Proof. By definition B, (z) = Zm“_l Bus (2 — 2,)° where By, = (s)7'GY (24), Gu (2) =

s 0

(2} (2): Dl 1/ (2) = 22 (2) (2
K, (2):= H(2)s;' (2), sothatG ( ) = K, (

Y q’U Z) = (Z_Z’U)_mv7 SU (Z> = Hj;éu,v (Z - Zj)mj7
2) ¢y (2). Apply Leibniz’ rule to find

s

By s = (3!)’1G1(f) (z4) = (s)7* (j) quj) (zu) qus’j) (zu) -

=0
Similarly one finds

s

B, = (s) 'GP (2,) = (s)) (jKW@oﬁﬂuw.

Jj=

We note that ¢ (zy) is a (real) function of z, — z,, which is a real number, so that
7 (2 = a7 (), and that 5,(2) = s, (2), so that K, (2) = K, (2); this implies
K (z,) = K (z,)" and hence B, = Bj . O

Proof of Theorem 3.3. Let z, = zf and define A, (2) := (1—w,2)™* h, By (2)+(1—w,2)™ hy By (2);
hence by Lemma A.1 A,(z) has real coefficients and grouping the complex pairs together,
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(3.1) becomes

nvIl(z) = > Au(2) + ) MMR@).

I TR S SN (SR

u:0< Ay <7

For 0 < A\, < 7 one has

1 Zsin(n+ DAy )
N e T T (Z B )

n=0

and for A\, € {0, 7}, w, = p, so that

1 > "
dy(z) = ———— = n )
[l

Proof of Theorem 4.1. The eigenvalue decomposition of the companion matrix F'is F'V =
VA with A = diag(pe?*, pe=*) and

ix —ix 2 3 —1 —ix
v ~1 [ pe? pe pio DR LT e
:: 2 1 2 pry .
(7" +1) < 1 1 )’ 2isin A \ —p7! P 7

and the one of the matrix G is GU = UA with

U= e , (]*1::1 i, ! :
1 1 2\ —i 1

Hence V'FV = A = U'GU, from which G = HFH 'or F = H'GHfor H := UV~!
with

2+ 1)% —2ip~! 2icos A 1 —(psinA)”" cot A
H:=UV"!= (p— — (2 +1)2 .
20 sin\ 0 2y ) P Y 0 1

O

Proof of Corollary 4.2. From Theorem 4.1 we see that HY,}" = (HFH_l)HEQ[i]l + HSY™,
where HS Yt[o] =H Y;[o] has covariance

241
YY)y —2u (O w2 L0
0 0 p2sin“ A\ 0 0

O

Proof of Proposition 5.1. Apply eq. (4.3.8) page 160 in Fuller (1996) with coincident roots,
i.e. mj, w, p equal to w,, A, n in the present notation; this gives (5.3). Define the function
g(A\) == h(N\wy,) = a, — b,cos A, a, := 1+ w2, b, := 2w, and note that f, (\) has a min
(max) when g (A\) has a max (min). Moreover f, (A) is bounded when h (A, w,) > 0, which
is always the case for |w,| < 1 by Lemma A.2.

Let ¢, ¢ indicate the first and second derivative of g wrt A; one finds g(A) = b, sin A,
G(A) = by cos A, so that g(\) = 0 for A = 0,Fx and §(0) = b,, §(£n) = —b,. This shows
that if w, > 0, then b, > 0 and g(\) (respectively f, (A\)) has a min (max) at A = 0 and
two maxima (minima) at A = F; if w, < 0, then b, < 0 and g(X) (f, (1)) has two maxima
(minima) at A = F7 and a min (max) at A = 0. O

For the proof of of Proposition 5.2 below we employ the following result.
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Lemma A.2. The function h(p,p) :=a —bcosp = b(c — cosy), where a =1+ p?, b= 2p,
0 < |p| <1 is non-negative and h (¢, p) has roots at (p,p) = (0,1) and (Fr,—1).
Proof. Because p,b # 0, define ¢ := a/b and note that |¢| > 1, because

a— b _ 14522l _ (1|l
o o b

where the inequality is strict except for p = 1 (¢ = 1) and p = —1 (¢ = —1). Next write

le| — 1=

4

h (p) = b(c — cos ¢), which vanishes iff ¢ = cos p; because |cosp| < 1 and |c| > 1, the only
roots of h (¢) are found when p =1 (¢ = 1) which gives ¢ = 0 and p = —1 (¢ = —1) which
gives p = . U
Proof of Proposition 5.2. Apply eq. (4.3.8) page 160 in Fuller (1996) with w = X\, p = 2n,
with n of the roots m; equal to w, and n roots equal to w;; this gives

Ay -z 1 " : n
' Y21 \ 1 — 2w, cos A 4 w? 1 —2wtcosA+w:?)

Next recall the indentity

(A.2) 1 —2acosé +w? = (1 — aeié) (1 _ ae"f) :

which, applied to from left to right to ¢(\, w,) := 1 — 2w, cos A + w? gives ¢ (\,w,) =
(1 — wue™) (1 —wye ™). Next, substituting w, = p,e™ and setting p, = XA+ A, 0, :=
A = Ay, one finds ¢(A,w,) = (1 — pue) (1 — p,e™™). Because w}, = p,e~**, the same
procedure applied to ¢ (A, w}) gives c(\,w}) = (1 — p,e™™") (1 —puew“). Hence, using

(A.2) again for £ = ¢, 6,, one can rewrite ¢ (A, w,) ¢ (A, w}) in the denominator of (A.1) as

c(\wy)e(\wy) = (1 — puei“"“) (1 — pue_w") (1 — pue_i‘p“) (1 — ,ouew“)
= (1 — 2, COS ©, + wi) (1 — 2py cos B, + wi) ,

which gives (5.4) by substituting back ¢, == XA+ Ay, 0, ;= A — \,.

In order to study f, (A), we define the function g(A\) := h (A — Ay, pu) B (A + Ay, pu) with
h (@, pu) = ay, — by cos @, a, =1+ p2, b, := 2p, and note that f, (\) has a min (max) when
g (A) has a max (min). Moreover f, (A) is bounded when h (A — Ay, p,) > 0 and h (A + Ay, pu)
> 0, which is always the case for |p,| < 1 by Lemma A.2.

Define the notation ¢ (\) :=dg (\) /d), §()\) := d2g (\) /d?); one finds

g(\) = —2b,sin A (b, cos A\ — a, cos ),
G(\) = —2b,cos\(b,cos A\ — a,cos\,) + 2b% sin® \,

where we have used standard trigonometric identities. Hence g(\) = 0 if and only if either
sinA = 0 (i.e. A =0,7) or cos A = ¢, cos A, where ¢, 1= §* = % > 0 and |c,| > 1, see
proof of Lemma A.2. A solution to cos A\ = ¢, cos A\, exists iff |c, cos A\,| < 1; in this case
A = arccos (¢, cos \,) Tt is simple to note that —1 < ¢,cos\, <1 < —c;! < cos), <
c;l <= arccos(c;') < A\, < arccos(—c; '), which gives (5.5). When |c, cos \,| > 1, there
is no solution in A of cos A = ¢, cos A\,. Hence the stationary points of g and f are found at
A =0, Fm and, when |c, cos A, | < 1, at A = arccos (¢, cos Ay).

We next discuss signs of second derivatives. Assume first A, < arccos(c,') , so that
cu cos Ay, > 1; one has §(0) = —2b2 (1 — ¢, cos \,) > 0, and f, has a max at A = 0. Moreover
G(Fm) = =202 (14 ¢, cos \,) < 0, and f, has amin at A\ = Fr. Next assume , L.e. ¢, cos A, <

—1; one has §(0) = —202 (1 — ¢, cos \,) < 0, and f, has a min at A = 0. Moreover §(Fm) =



—202 (14 ¢, cos\,) > 0, and f, has a max at A = Fr. Next if (5.5) holds, then —1 <
cucos A, < 1 and G(0) = =262 (1 —c,cos\,) < 0, and G(Fm) = —2b% (1 + ¢, cos \,) < 0,
and f, has a min at A = 0,Fn. Finally at A, = arccos(c,cos\,) one finds G(Ay) =
2b% sin® \g > 0, so that f, has a max at A = Fs. O

Proof of Theorem 6.8. First we observe that by Lemma 3.2 and the polynomial rank factor-

ization of G(z) at z,, one has

Ren), _ Im7n),
Buo = G(2) = —Euotlhg = —(Re&uo : ImEug) M0 ) Li(Re &y - —Tm &, o) o)
’ Im Re 71,0

u,0

where Im B, g # 0 for u : 0 < A\, <7 and Im B,y =0 for u : A\, € {0, 7}; because

Au(z) = (1 —w)z)hyByuo+ (1 —wyu2)h, B,y = (hyBuo + hi, B o) — (wihyBuo + w,h, B )z,

uBPuo = uBu0 uBu,0
one has

Auo=2Reh,B,p, A, = —2Rew)h,B,p.
Because h,B,o = (Reh, Re B,y —Im h, Im B, o) + i(Re h, Im B, o + Im h,, Re B, ) one has

/ I /
Reh,Byo = —Rehy(Re&,o:Imé&,p) ( i”relijvo > —Imh,(Re&up: —Imé&,p) ( ;;Z;L,O ) 7
u,0 u,0

/ /
Imh,Buy = Rehu(Reuo: —Imug) [ 70 ) 4 Imhy(Reug : Imyg) | 00
Re N0 Im M0

and because w;h, By, o = (Rew, Re hy, B, o+Imw, Im h, B, ¢)+i(Re w, Im h,, B, o—Im w, Re h, B, )
one finds

Rew; h, B, o = Rew, Re h,B, o + Imw, Imh, B, .
Hence /A, (2) = 0 if and only if y C col™(col Re &, gNcol Im &, 0) and for real roots ' By = 0
if and only if v C col* &u0- By the duality result in (6.4), one has col§, o = col 3,1, which
implies colRe &, o = colRe 3,1, collm &, o = colIm 3, 1. Hence coly C col(Re B, : Im )
and for real roots coly C col 3,. O

Proof of Theorem 6.9. Because

%(2)G(2) = (2 = 2)™7,(2)
where 7,(z,) has full column rank, see Franchi and Paruolo (2009) for the proof, one finds
LG A
9(2) 9u(2)
so that +, (z)inv II(z) has no pole at z = z,. O

?

Yu(2) inv I1(z)
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