UN-HIDING ROOTS IN VECTOR AUTOREGRESSIVE
PROCESSES

MASSIMO FRANCHI

PRELIMINARY VERSION
MARCH 4, 2008

ABSTRACT. As in Gregoir and Laroque (1993) we consider multi-
variate processes X; such that, for some positive integer d, A?X, =
C(L)e; is I(0) and, for some positive integer k, det(C(z)) = (z —
1)*d(z), d(1) # 0; in addition, we assume that X; is a vector au-
toregressive process, II(L)X; = ¢. First we show that d = b — a,
where b and a are respectively the multiplicity of the unit root in
det(I1(z)) and in adj(I1(2)), and k = pd — b, where p is the dimen-
sion of the process. Then we prove that the number m of polyno-
mial cointegrating relations is equal to the order of integration d of
the process and finally we use the algorithm in Franchi (2007b) to
characterize the polynomial cointegrating vectors in terms of the

autoregressive coefficients.

1. INTRODUCTION
2. DEFINITIONS

Definition 2.1 (Johansen (1996)). The linear process Y; = C(L)e:, €
1.1.d.(0,9), is called 1(0) if C(z) = > .2, Ciz" converges for |z| <1+ p
for some p >0 and C(1) # 0,; if A%, is I(0) then Y; is I(d).

Definition 2.2 (Gregoir and Laroque (1993)). The process Yy = C'(L)e,
€ 1.1.d.(0,9), belongs to C if C(z) = >, Ciz" converges for |z| < 1+p
for some p >0, C(1) # 0, and

det(C(2)) = (z — 1)*d(2)

where k is some positive integer and d(z) is well defined and different
from zero for |z| < 1+ p for some p > 0.

The notions of cointegration and polynomial cointegration are adap-
tations of the corresponding concepts for fractional processes (see Franchi,
2007b).
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Definition 2.3. The I(d) process X, is cointegrated if there exists 7o
such that vy X; is I(dy) with 0 < dy < d. We call v a cointegrating

vector.

We say that a process X; is cointegrated when it is integrated of
a given order d and there exists a linear combination (X, of order
do < d.

Definition 2.4. The I(d) process X, is polynomially cointegrated if
there exist y(A) ==~y + i ViA", such that the transformed process
Y(A)X} is 1(d,) with 0 < d,, < dy. We call v(A) the polynomial coin-
tegrating vector associated to o if there is no ¢(A) 1=~ + 302 PLA!
such that ¢(A) X, is integrated of lower order than v(A)X,. By cointe-
gration structure we mean the collection of cointegrating and polynomial

cointegrating vectors of X;.

Polynomial cointegration arises when the I(dy), dy < d, cointegrating
relation vy X; linearly combined with A"X;, n = d — dy, of the same
order of integration results of lower order d,, < d.

That cointegration is a necessary condition for polynomial cointegra-
tion, it is immediately seen because if vy is not a cointegrating vector,
%X € I(d) implies 7\ X; + MIAX; + -+ + 4, A"X, € I(d) for any
n. For the same reason, 7 1IAX; € I(d;), d; < d, is a necessary
condition for Y1 /AiX, € I(d;11), dji1 < d;. Thus, for a given
cointegrating vector 7y we need to find the linear combination of lev-
els and (possibly) differences which has the lowest possible order of
integration and this is what we call the polynomial cofraction vector
associated to 7. This rules out the existence of an additional trans-
formation 1) X; + Y02, ¢tA'X; which has lower order of integration
and thus guarantees the complete characterization of the cointegration

structure.
3. THE VAR PROCESS AND THE CLASS C
Consider the vector autoregressive process
(31) H(L)Xt = €

where X, is px 1, TI(L) is a finite matrix polynomial in the lag operator
L and ¢ is independent and identically distributed with mean 0 and
positive definite variance 2 > 0 (denoted i.i.d.(0, ©2)).
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Under the assumption that the roots of det(Il(z)) = 0 are either at
z = 1 or outside the unit circle and II(1) # 0,, it is well known (see
Franchi, 2007a) that X; in (3.1) is integrated of order d = b —a > 0,
where b > 0 is found in

det(I(2)) = (z — 1)"g(2)
and 0 < g < bin

adj(T1(2)) = (= — 1)°G(2).
The polynomial g(z) is different from zero for |z| < 14 p for some p > 0
and G(z) is a p X p matrix polynomial that satisfies rank(G(1)) <p—1
and G(1) # 0,. Then

G(2)

(z = 1)'eg(2)’
and because g(z) # 0 for |z| < 1+ p for some p > 0, the function
G(2)
9(2)
converges on the same disc and it is such that C(1) = G(l) # 0,. This
shows that A*=?X, is 1(0).

I(z)! = z#{1}u{z € C:g(z) =0}

C(z) =

2 #{z€C:yg(z) =0},

Theorem 3.1. Let the roots of det(Il(z)) = 0 be either at z = 1 or
outside the unit circle and T1(1) # 0,; then AX;, d = b — a, where b
and a are respectively the multiplicity of the unit root in det(Il(2)) and
in adj(I1(z)), belongs to C with k = pd — b and d(z) = g(z)~'.
PRrROOF. The identity II(2)adj(Il(2)) = det(Il(z))1, gives

N()G() = (= — D Dg(:)I,.

Then
det(I1(z))det(G(2)) = (= = 1)"g(2)"

and det(Il(z)) = (z — 1)°g(z) imply

det(G(2)) = (= = )P g (=)'

Because C(z) := C;((j)) we have

det(C(2)) = g(=) Pdet(G(2)) = (= — 1" g(=) "

and pd — b > 0 follows from 1 < b < pd because the upper equality

holds if and only if II(1) = 0,. Because g(z) is different from zero for
|z] < 1+ p for some p > 0, it follows that d(z) = g(z)~! is well defined
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and different from zero on the same disc. This completes the proof that
AdXt eC. m

Theorem 3.1 shows that if the characteristic polynomial of X, in (3.1)
has roots at z = 1 or outside the unit circle, “differenced enough” means
taking A?X;, where d = b—a, and then A?X, € C follows immediately.
Moreover, k in det(C(z)) = (2 — 1)*d(z) is equal to the number of
variables p times the order of integration d minus the multiplicity of
the unit root in the characteristic polynomial b, & = pd — b, and d(z)
is equal to the inverse of g(z), which is found by factoring out the unit
root from det(I1(z)).

Note that processes with different orders of integration can share
the same k and thus belong to the same class; indeed this is true by
definition, because the processes in C have been transformed to be I(0)
by “proper differencing”. As it will be clarified in the next section, this
implies that the cointegration structure of the processes in the class C

is undetermined.

4. POLYNOMIAL COINTEGRATION

The representation theory in Gregoir and Laroque (1993) is devel-
oped on the basis of the integral operator S and it is shown that if a
process Y; € C, then, for some positive integer m, there exists a matrix
polynomial

h
I (u) = ZﬁZuk, h=1,---,m,
k=1

of some dimension 7, X p, such that the process
h
ISV, =) 0pSY, h=1,- m,
k=1

is 1(0) event though S%Y; is I(i),i=1,--- ,m.
Here we want to characterize the number m of polynomial cointe-

grating vectors 9" (u) and their coefficients 9. Because A?X; € C and
SkAd — Ad—k

h
P (S)AX, = AT"Y AN h=1,-- m,

k=1



shows that ¥"(S)AYX; is 1(0) if and only if

h
S RAEX h=1,-- m,

k=1

is I(d — h). Then we can prove the following result.

Theorem 4.1. Let the roots of det(Il(z)) = 0 be either at z = 1 or
outside the unit circle, the coefficients o, 35 and 05y be as defined in
(A.3)-(A.6) in the Appendiz and 75 # 0; then

m =d,

where d = b—a and b and a are respectively the multiplicity of the unit
root in det(I1(z)) and in adj(I1(z)). The process 9"(S)AYX; is I(0) if
and only if, forh=1,--- d,

Oy = (Bichirp)’
and
O = (1) N Ao ps10) 0a—nirps k=1,--- b,
for some ¢ # 0,..

PrOOF. By Theorem A.2 in the Appendix

¢S(A)Xt = Z¢s,kAkXta s = 17 T 7d7

k=0
of dimension rs X p, is I(dy, ), dp, > s—1, and the equality holds if and
only if ¢5(A) = ¢'ps(A) for some ¢ # 0,,. Then

h
D RAMEX, h=1,-- m

k=1
is I(d — h) if and only if for s = d — h + 1 we have

Zﬁ (1-2)=¢p(1—2),h=1,---,m.

Then
d—s

ps(l—z):Zp,i(l—z)k, s=1,---.d,

k=0

where p§ = (3. and p; := (—=1)*1al0, 4, gives

Pd— h+1].—Z Zpd h+1 h:]-aad
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This shows m = d and

h _ 1. d—h+1
U = Py

for some ¢ # 0,, and completes the proof. m

Theorem 4.1 proves that the number of polynomial cointegrating re-
lations is equal to the order of integration of Xj; then it shows how
to construct the polynomial cointegrating vectors 9" (u) from the co-
efficients ay, 35 and 6, as defined by the algorithm in the Appendix.
These coefficients are found by exploiting the reduced rank restrictions
that are satisfied by the coefficients of the matrix polynomial II(z)
when its inverse has a pole of order d at z = 1.

Note that for processes of dimension p and different orders of in-
tegration d = 1,--- we can always find b such that £ = pd — b
is constant; this means that if we construct C on the basis of k in
det(C(2)) = (z — 1)*d(z), because m = d we end up with by collecting
together processes with different cointegration structures. Thus the

cointegration structure of the class C is undetermined.

5. A DIFFERENT CLASS OF INTEREST

It is appealing to define the class of interest in such a way that the
cointegration structure is invariant; in this way we know exactly what
are the polynomial cointegrating relations and the corresponding error
correction representation of the members of this class.

Because G(z) is a pxp matrix polynomial that satisfies rank(G(1)) <
p — 1, it follows that

adj(G(2)) = (z = 1)*H(z), H(1) # 0y, ko > 0,

and H(z) is a matrix polynomial of finite degree. The reason is that
when rank(G(1)) < p — 1, adj(G(1)) = 0, and thus each entry of
adj(G(z)) contains the factor z — 1 and when rank(G(1)) = p — 1,
adj(G(1)) # 0, and thus k, = 0.

In the next Proposition we find that k, is equal to the number of vari-
ables minus one times the order of integration minus the multiplicity

of the unit root in the characteristic polynomial.

Proposition 5.1. The multiplicity of the unit root in adj(G(2)) is
ko= (p—1)d —b.



PRrooF. Using

det(G(2)) = (= = 1)*g(2)"", g(1) #0,
where k = pd — b > 0, we write the inverse of G(z) as
G(z)™ ' = H(z) z# {1} U{z € C:g(2) =0}.
EREV VB

Because det(G(1)) = 0, H(1) # 0, and g(1) # 0, this shows that
G(2)7! has a pole of order k — k, > 0 at the unit root. From

G(z)
(z —1)""29(2)

I(z)! = , 2 #{1}U{z € C:g(z) =0}

we get
MM(z) = (2 = 1)%(2)G(z) ", 0 < [z = 1] < p,
and write
(z—1? H(z)
(z = 1)k ke g(z)p=2
Then II(2) is well defined and different from 0, at z = 1 if and only if

II(z) =

k—k,=d
and
ke=((p—1)d—0b
immediately follows. m

Proposition 5.1 shows the interesting result that the difference be-
tween the multiplicity of the unit root in det(C(z)) and in adj(C(z)) is
equal to the order of integration of the process, k — k, = d. Exactly as
it is for autoregressive processes, where it is not interesting to collect
processes on the basis of the multiplicity of the unit root in det(I1(z)),
when we start from the moving average representation we need to focus
on the difference between the multiplicity in det(C(z)) and in adj(C(z))
and not on k in det(C(z)) alone. It is only by constructing the class
by collecting processes that share the same value for £ — k,, that is
the same order of integration, that the cointegration structure of the
members of the class is homogeneous and thus uniquely determined.

Then we define the class of interest in the following way.

Definition 5.2. The process Y; = C(L)e, € i.i.d.(0,52), belongs to
Com if C(z) = Y12, Ciz" converges for |z| < 1+ p for some p > 0,
0(1) 7& Op;

det(C(2)) = (z — 1)*d(2)
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where k is some positive integer and d(z) is well defined and different
from zero for |z| <14 p for some p > 0,

adj(C(2)) = (z — 1)*D(z),
where 0 < k, < k and D(1) # 0,, and
m=k—Fk,.

In this way the class C; collects the processes that are I(1) and such
that 9} X; is 1(0), Cy the processes that are I(2) and such that J]AX,
and P2AX; + 92X, are 1(0), C3 the processes that are I(3) and such
that 91 A2X;, 92A2X, + 93AX; and P3A2X, + 93A X, + 95X, are 1(0),
and so on.

If X, is an autoregressive process, one can use Theorem 4.1 to char-
acterize the cointegrating vectors in terms of the autoregressive coef-
ficients. It is evident that the analysis in Gregoir (1999) suffers from

the same problem.

6. CONCLUSION

We have studied



APPENDIX A

Here we describe the recursive algorithm developed in Franchi (2007b)
for the characterization of the restrictions on the coefficients of a matrix
polynomial II(z) so that its inverse has a pole of order d at z = 1. The
proofs and more detailed explanations of the results are found there.

The algorithm defines d reduced rank matrices 741, s = 1,--- ,d,
that are used to construct the cointegrating vector (3, and the corre-
sponding adjustment coefficient o, and stops at step s = d + 1 with a
full rank matrix 74y which corresponds to the rank condition in the spirit
of Johansen (1996). In addition, the algorithm reveals the restrictions
that are responsible for the existence of polynomial cointegration for
all but one cofraction vector.

The following notation is needed; whenever we have a p x p reduced
rank matrix 7 of rank r, say, and we write it as 7 = —&n it is un-
derstood that £ and 7 are full rank matrices of dimension p x r. The
matrices £ and 7 are not unique but the conclusions do not depend
on the choice made. For any p x r matrix v of rank r < p, we let
~v, of dimension p X p — r be a basis of the orthogonal complement
of sp(7), so that v, = 0 and +| v = 0; in particular we let v, = 0
if r=pand~y, =1I,if r = 0. Furthermore we let 5 := y(y/7)™*
and denote P, := 747 = 73 the projection matrix onto sp(y). We
use the notation II, := 5 (“£11(2)) ‘Zil, G, = L (L£.G(2)) ’Zil and

1

gn = 51 (Gm9(2)) |-, for n =0,---
The algorithm
The identity II(z)adj(11(2)) = adj(I1(2))I1(z) = det(I1(z))I, gives
[(:)G(2) = GET() = (= — 1g(2)1,
For N = d + d,, where d, is the degree of g(z), we write

()G Zanz—l) and G(z Zb (z—1)"

n=0

where

ay = I1,G,,— and b, := ZGkH”—k'
Then
(A.1) a, =b,=0,,n=0,---,d—1,
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and

(A2) Adyn = bd+n % Op, n = 0, cee 7dg,

follow immediately. The algorithm uses (A.1) to find out the sequence
of reduced rank matrices 7, and the coefficients «a;, s and 6, and
(A.2) to characterize the cointegration structure of the model.

The coefficients are defined recursively as follows: let rg = 0, ag =
Bo = 0p, 001 = Co. = I, and define

00,19 ::Hk—h k::]w ad+17

and
v/
o = 50J_90,1<0J_

of dimension p x p. Because II(z) has a unit root, my has reduced rank

and we write
T = —&imy
where & and 7; are full rank matrices of dimension p x ri; then we
define 91, = dp1&11, C1u = Coumy of dimension p x (p — r1) and
o = SOL&, b1 = goﬂh of dimension p X 1.
Given

Qg, ﬁs, 5SJ_7 Csj_; and Hs—l,k

fors=1,---,nand k=1,--- ,d — s+ 2, we define

n—1

(A3)  Ong =011 Y Bitlibix + On 1, k=1, d—n+1,

1=0

of dimension p x p and

(A.4) Tn =01 0n1Cn1

of dimension (p — Y i 7)) X (p — > iy 7). If m, has full rank the
algorithm stops. If m, has reduced rank we write

/
Tp = _£n+177n+1

where 41 and 7,41 are full rank matrices of dimension (p—>__ r,) X
rne1 and define

(A-5) Apt1 = gann—i—la 5n+1 = @L%H

of dimension p X 7,1,

(A.6) Ont11 = 0n1 &1t Cagil = CuiMntil
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of dimension p x (p — 314 7;); then we compute (A.3) and (A.4) for
n + 1 and iterate.
We can prove the following the result.

Theorem A.1. Let the coefficients be as defined in (A.3)-(A.6); then,
form=1,--- d—1, m, has reduced rank and for n = d, w4 has full

rank.
PROOF. See Franchi (2007b). m

Theorem A.1 finds the d reduced rank restrictions that are satisfied
by the coefficients of a matrix polynomial TI(z) whose inverse has a
pole of order d at z = 1. We show that for s =1,--- d, ms_1 in (A.4)
has reduced rank r, and defines o and §, of dimension p X 7, in (A.5);
then 6,4, k = 1,--- ,d — s + 1, of dimension p x p in (A.3) can be
computed by using the previously defined coefficients.

As stated in Theorem A.2 below, these coefficients characterize the
cointegration structure of X; in (3.1).

Theorem A.2. Let the roots of det(Il(z)) = 0 be either at z = 1
or outside the unit circle, the coefficients be as in (A.3)-(A.6) in the
Appendiz, and define

ps(1—2) =0 —a.y (—1)"0,.(1 —2)% s=1,--- d—1,

of dimension ry X p and
pa(l = z) =3
of dimension rq X p. Then the process
ps(A) Xy, s=1,--- .d,
is I(s — 1). Moreover
Os(A) Xy, s=1,--+ ,d,

of dimension rs X p, is I(dy,), ds, > s —1,and the equality holds if and
only if ¢5(A) = ¢'ps(A) for some ¢ # 0,,.

PROOF. See Franchi (2007b). m
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