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Abstract. When working with recursive identification schemes
(Cholesky decomposition) two different kind of impositions are nec-
essary: the first ones consist in choosing the sign of the responses
of each variable to its own innovation and the second are causal
assumptions. While the first are not eliminable, causal impositions
are not necessary even without pursuing a structural identification.

In this work I propose a non structural identification procedure
which has two important peculiarities: it doesn’t ask for an a priori
imposition of the causal structure and the inference based on it is
invariant under different orderings of the variables.

An application of the methodology is proposed for the identifi-
cation of monetary policy shocks.

Introduction

The key step in VARs is the identification of the innovations: all
the inference (impulse-response functions, variance decomposition) is
not directly derived from the estimated model but from its identified
version, i.e. the version in which the shocks have been decomposed in
terms of the fundamental innovations. This is so because in general the
shocks present contemporaneous correlation and it is thus impossible to
infer what is the “pure” effect of a shock on the endogenous variables.

The decomposition is clearly not unique1 and economic literature
has followed three main lines in developing methods to obtain it2: the
first line of research, pioneered by Sims since in his earlier works (Sims,
1972, 1980), consists in applying a normalized triangular decomposition
(the Cholesky decomposition). This procedure allows the researcher to
identify the innovations through the imposition of a recursive structure
of the economy.
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Other authors have proceeded in a different way: starting from a
structural VAR it is possible to identify the innovations through the im-
position of theoretical restrictions on the coefficients. These restrictions
can be imposed on the contemporaneous effects of the shocks (Chris-
tiano et al.,1996), on the long-run behaviour of the system (Blanchard,
Quah, 1989) or as a mix of the previous (Gaĺı, 1992).

It is important to recall that exactly identified systems are not testable,
so that they are just equally plausible representations of the behaviour
of the system3.

What is commonly done in order to judge upon the plausibility of the
identification proposed is to look at the impulse-responses: if they look
reasonable one stays with it, otherwise one changes the order of the
variables in the reduced form approach, or tries alternative theoretical
restrictions in the structural approach, until more satisfactory results
are obtained.

The circularity involved in this way of reasoning, particulary when
dealing with non structural models, and the danger of getting out from
a VAR just what one had in mind from the beginning have been clearly
pointed out by some authors (Cochrane, 1994, Uhlig, 1999), while some
others (Leeper, Sims and Zha, 1996) defend it as an informal identifi-
cation criterion.

The circularity problem has its roots in the role of the theoretical
priors in the mind of the researcher: when we try different identifica-
tions and evaluate them thorough the inference they provide, we are
actually using our theoretical convictions as a judgement criterion over
a set of equally plausible representations of the behavior of the system.
In this way responses are judged reasonable or unacceptable relying on
an informal criterion which is not explicitly stated.

The third and more recent stream of literature (Dwyer, 1997, Faust,
1998, Uhlig, 1999, Canova, De Nicoló, 2000) focuses directly on this
problem and proposes to avoid it transforming the nature of the a pri-
ori theoretical assumptions from implicit to explicit, allowing debate
about their plausibility. This end can be achieved using the strong
priors that the researcher has on a subset of the variables in the VAR
and remaining agnostic about the central question one wants to study;
Uhlig (1999) writes: “I assume that a “contractionary” monetary pol-
icy shock does not lead to increases in prices, increase in nonborrowed
reserves, or decreases in the federal fund rate for a certain period fol-
lowing a shock. ... Crucially, I impose no restrictions on the response
of real GDP. Thus, the central question is left agnostically open by
design of the identification procedure: the data will decide”.

In this work I propose a different way of proceeding: instead of avoid-
ing the circularity problem making the theoretical assumptions explicit,

3See Cooley, Le Roy (1995) for a discussion about the problems related to this
fact.
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I use an identification procedure which eliminates the need of impos-
ing theoretical restrictions and achieves identification only through as-
sumptions about the statistical properties of the shocks. In this way
the inference derived from the identified model is by construction in-
dependent from the theoretical priors of the researcher.

There are two peculiarities of this identification scheme that is im-
portant to underline: the first is that inference derived from it is in-
variant under different orderings of the variables in the VAR and the
second being that the scheme endogenously generates a causal struc-
ture. These two properties are not possessed by recursive schemes, in
which causal relations are exogenously imposed and inference depends
on the ordering of the variables.

1. The generic form of a VAR

A generic VAR(p) is written as

(1.1) yt = φ1yt−1 + φ2yt−2 + · · ·+ φpyt−p + ut t = 1 + p, ..., T

where yt is a vector of k endogenous variables, φi for i = 1, ..., p are
k×k matrices of coefficients and ut is a vector of k disturbances with
a generic k×k variance-covariance matrix E(utu

′
t) = Σ and such that

E(utu
′
t−j) = 0 ∀j 6= 0 .

The system can be rewritten as the following VAR(1)

(1.2) xt = Axt−1 + ut

where

xt

(n× 1)
=




yt

yt−1
...

yt−p+1




A
(n× n)

=




φ1 φ2 · · · φp−1 φp

I 0 · · · 0 0
0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · I 0




ut

(n× 1)
=




ut

0
...
0




and n = kp. If the process ut is ∼ i.i.d.(0, Σ) and all the eigenvalues of
the matrix A are in modulus less than one, xt is covariance stationary.
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2. Recursive identification schemes

2.1. Triangular factorization. Any positive definite (n × n) sym-
metric matrix Σ has a unique representation of the form (Hamilton,
1994)

(2.1) Σ = BDB′

where

B
(n× n)

=




1 0 0 · · · 0
b21 1 0 · · · 0
b31 b32 1 · · · 0
...

...
...

. . .
...

bn1 bn2 bn3 · · · 1




D
(n× n)

=




d11 0 0 · · · 0
0 d22 0 · · · 0
0 0 d33 · · · 0
...

...
...

. . .
...

0 0 0 · · · dnn




with bij ∈ R for i 6= j and dij ∈ R+ for i = j.

2.2. Cholesky factorization. From eq.(2.1) we obtain the Cholesky
factorization:

(2.2) Σ = BDB′ = BD1/2D1/2B′ = CC ′

where

C
(n× n)

≡ BD1/2 =




√
d11 0 0 · · · 0

b21

√
d11

√
d22 0 · · · 0

b31

√
d11 b32

√
d22

√
d33 · · · 0

...
...

...
. . .

...
bn1

√
d11 bn2

√
d22 bn3

√
d33 · · · √

dnn




with cij ∈ R for i 6= j and cij ∈ R+ for i = j.

Eq.(1.2) can thus be rewritten in terms of innovations as

(2.3) xt = Axt−1 + Fεt

where xt and A are as before and εt is the n×1 vector of innovations
such that E(εt) = 0 ; if F = B then E(εtε

′
t) = D, i.e. the innovations

are orthogonal; if F = C then E(εtε
′
t) = I and the innovations are

orthonormal.
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The Cholesky factorization has the nice property of normalizing the
variance of the innovations to one, enabling a quantitative comparison
between their effects.

3. Impulse Response Functions

The representation of the system presented in eq.(1.1) as it appears
in eq.(2.3) is useful in order to obtain the impulse-response functions:
the contemporaneous effect of each innovation to all the endogenous is
given by the corresponding column of the matrix F and the subsequent
responses can be calculated recursively by keeping on multiplying by
the matrix A ; the responses are thus

F, AF, A2F, · · ·
Of course, when working with economic time series, A and F have

to be estimated; if we assume that ut ∼ i.i.d. N (0, Σ) we obtain
Maximum Likelihood estimates of A and Σ (AML and ΣML) just
running OLS equation by equation, and decomposing ΣML we have

FML, AMLFML, A2
MLFML, · · ·

This is the mean line we see in the graph, the error bands can be
derived in the standard ways (see Hamilton, 1994).

4. Which kind of assumptions are needed with recursive
schemes?

Two kind of assumptions are needed when identifying the innovations
with recursive schemes: the first are sign restrictions, the second are
causal impositions.

4.1. Sign restrictions. On the uniqueness of the recursive fac-
torizations. The quadratic nature of the problem in eq.(2.1) implies
that its solution is not unique.

Coherent with the matrix D in eq.(2.1) there are in fact 2n matrices
B of that shape4 that are solution of the system; for example, just take
the following

B
(n× n)

=




−1 0 0 · · · 0
b21 1 0 · · · 0
b31 b32 1 · · · 0
...

...
...

. . .
...

bn1 bn2 bn3 · · · 1




4They are the set of all possible sequences of plus and minus of n elements.
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From the economic point of view this is crucial5: if we take the plus
sign we are saying that the effect of a positive innovation on the first
variable is positive, the opposite when we choose the minus.

It’s important to stress that there is no way of deriving the sign of
the coefficients in B from the data because what we get is the estimate
of Σ : given that we impose them. What we actually need to impose
are only the signs of the innovations to the corresponding endogenous
variables, i.e. the sign of the elements along the main diagonal, since
the sign of the other elements are determined univocally from those
and the estimated covariances.

Without an a priori imposition of the qualitative impact of the in-
novations on the corresponding variables the identification step is in-
complete.

Of course the indeterminacy of sign is not a peculiarity of the recur-
sive decompositions but of all quadratic problems.

4.2. Causal assumptions. These assumptions, very well known and
very much debated, consist in imposing an explicit direction of causality
between the shocks: when the n(n− 1)/2 coefficients above the main
diagonal are set to be equal to zero, we are actually specifying a very
tight propagation scheme for the system. Causality is a very delicate
problem in econometrics and even though a statistically testable notion
of it has been proposed (Granger, 1969), the debate on the correctness
of this approach is still very open (cfr. Heckmann, 2000).

The knowledge that is necessary in order to specify causal relations is
no doubt huge, and the probability of imposing the right relations de-
creases exponentially as the number of variables in the system increase.
Faust (1998) writes: “... large models require more identifying restric-
tions than small models, inevitably leading to the use of less credible
restrictions. Further the very size of large models makes it difficult to
implement the sort of informal checks on the identification that are an
important part of small model work”.

5And also from the stastical: reversing signs affects the shape of the likelihood
function and the probability bands for impulse responses (see Waggoner, Zha,1997).
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5. A non-causal identification procedure based on the
variance of the shocks

In order to avoid the circularity problem and derive an inference
which is independent from the theoretical priors of the researcher, I
propose a very naive identification scheme based on the traditional
eigenvalues-eigenvectors decomposition; it has the nice features of leav-
ing causality assumptions out of the necessary impositions thus gener-
ating endogenously the causal structure of the system and of providing
an inference which is invariant under different orderings of the vari-
ables.

A positive definite symmetric n× n matrix Σ has a unique repre-
sentation of the form

(5.1) Σ = V ΛV ′

where

V
(n× n)

=




v11 v12 v13 · · · v1n

v21 v22 v23 · · · v2n

v31 v32 v33 · · · v3n
...

...
...

. . .
...

vn1 vn2 vn3 · · · vnn




is the matrix of the eigenvectors and

Λ
(n× n)

=




λ1 0 0 · · · 0
0 λ2 0 · · · 0
0 0 λ3 · · · 0
...

...
...

. . .
...

0 0 0 · · · λn




collects the corresponding eigenvalues.

Since Σ is a symmetric positive definite matrix, it follows that its
eigenvalues are all real, positive and distinct; it is thus possible to think
of the system in Eq.(1.2) as generated by:

(5.2) xt = Axt−1 + V εt

where xt and A are as before and εt is a n×1 vector of orthogonal
innovations such that E(εt) = 0 and E(εtε

′
t) = Λ.
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Identification is at this stage not attained; consider in fact the follow-
ing example: take a 2× 2 variance-covariance matrix Σ , we can write
its decomposition in terms of eigenvectors and eigenvalues equivalently
using

Σ
(2× 2)

=

[
σ2

1 σ12

σ12 σ2
2

]
=

[
v1 v2

] [
λ1 0
0 λ2

] [
v1 v2

]′

where vi is the eigenvector associated with the i-th eigenvalue, or

Σ
(2× 2)

=

[
σ2

1 σ12

σ12 σ2
2

]
=

[
v2 v1

] [
λ2 0
0 λ1

] [
v2 v1

]′

since the result is in both cases

[
σ2

1 σ12

σ12 σ2
2

]
=

[
λ1v

2
11 + λ2v

2
12 λ1v11v21 + λ2v12v22

λ1v11v21 + λ2v12v22 λ1v
2
21 + λ2v

2
22

]

Clearly, since the i-th column of V represents the effect of the i-th
innovation to all the endogenous, the different representations provide
different inferences; for a VAR with n variables there are n! possible
inferences6. We need to pick one out of all.

The criterion I use is the following: for the generic VAR in eq.(1.2)
it holds that

V ar(uit) =
n∑

j=1

λjv
2
ij

I associate the j-th eigenvalue (i.e. the variance of the j-th innova-
tion) to the i-th equation, if it has the greater effect on the variance of
the residual uit, i.e. if

λjv
2
ij > λkv

2
ik k = 1, · · · , n k 6= j

Through this statistical assumption I fix once for all the position of
the eigenvalues in the matrix Λ (call it Λ0) and thus the position of the
columns of the matrix of the eigenvectors (V0).

Λ0 is written explicitly as:

Λ0

(n× n)
=




λargmax(λjv2
1j)

0 · · · 0

0 λargmax(λjv2
2j)

· · · 0
...

...
. . .

...
0 0 · · · λargmax(λjv2

nj)




6They are the set of the permutations of n elements.
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The identified version of the system in eq.(1.2) is thus univocally
determined as

(5.3) xt = Axt−1 + V0εt

where xt and A are as before and εt is a n×1 vector of orthogonal
innovations such that E(εt) = 0 and E(εtε

′
t) = Λ0.

We can go a step further and normalize the innovations to be or-
thonormal:

(5.4) Σ = V0Λ0V
′
0 = V0Λ

1/2
0 Λ

1/2
0 V ′

0 = MM ′

Given the quadratic nature of the problem, the sign restriction can-
not be eliminated: we still have to specify the qualitative effect of
each innovation on the corresponding variable, and the others follow
univocally from those and the covariances.

The important gain is that we are not achieving identification through
the imposition of a causal structure. It is of course possible that the
inference derived from the matrix M is similar to the one obtained
with the Cholesky decomposition, but there is an important qualitative
difference: while with the latter the causal structure of the innovations
is exogenous (we fix it a priori in order to achieve identification), with
the former it is endogenously generated by the identification.

A second desirable property of this identification scheme is that the
inference derived from it is invariant under different orderings of the
variables (see Appendix A for the proof), while this is not the case
when working with recursive schemes, in which changing the order of
the variables affects the results.

6. An application to the identification of monetary policy
shocks

In this section I estimate a six variables monetary VAR with the data
set used in Bernanke and Mihov (1995, 1998) and in Uhlig (1999).

The data set contains the following variables: GDP, GDP deflator, a
commodity price index, total reserves, non borrowed reserves and the
federal fund rate for the United States at monthly frequencies from
January 1965 to December 19967.

All the series except the federal fund rate are in logs and a VAR with
12 lags and the intercept with the variables ordered as in the data set
is estimated.

7See Bernanke and Mihov (1995) for the interpolations applied.
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The next table reports the eigenvalue associated to each shock fol-
lowing the criterion presented in the previous section:

argmax(λjv
2
ij)

V ar(uGDP ) 4
V ar(uGDPDEFL) 6

V ar(uCPI) 2
V ar(uTR) 5

V ar(uNBR) 3
V ar(uFFR) 1

Table 1. For each shock the associated eigenvalue.

Thus the variance covariance matrix of the innovations is

Λ0 = E(εtε
′
t) =




λ4 0 0 0 0 0
0 λ6 0 0 0 0
0 0 λ2 0 0 0
0 0 0 λ5 0 0
0 0 0 0 λ3 0
0 0 0 0 0 λ1




where

εt

(6× 1)
=




εGDP

εGDPDEFL

εCPI

εTR

εNBR

εFFR




t

is the vector of the orthogonal innovations at time t.
The ordering of the eigenvalues induces the following in the matrix

of the eigenvectors

V0

(6× 6)
=

[
v4 v6 v2 v5 v3 v1

]

and it is possible to compute the matrix M = V0Λ
1/2
0 (see section 5)

which enables to work with orthonormal innovations.
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In the next figure are reported the impulse response functions for
50 periods ahead: the thin black lines are the ones derived from the
Cholesky decomposition, the thick the ones implied by the eigenvalues-
eigenvectors decomposition (EVV) (no error bands are plotted).
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Figure 1. IR functions with Cholesky (thin line) and
with EVV (thick line).

It is surprising to see that the two decompositions provide the same
inference: the shape of the responses is the same for all the responses,
and even the quantitative predictions are very close.
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In order to investigate what are the effects of a contractionary mon-
etary policy shock (a positive innovation in the federal fund rate8) let’s
consider in more detail the sixth column of fig.1, which is reported in
the next figure.
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Figure 2. Responses to a contractionary monetary pol-
icy shock with Cholesky (thin line) and with EVV (thick
line).

After a contractionary monetary policy shock there is evidence of a
strong liquidity effect: with both decompositions the federal fund rate
rises persistently and non borrowed reserves persistently drop.

Total reserves don’t react contemporaneously with the Cholesky while
with the EVV rise during the first periods and then fall persistently,
both being in line with the view expressed by Christiano, Eichenbaum
and Evans (1998): “...the Fed insulates total reserves in the short run

8See McCallum (1983), Bernanke and Blinder (1992) and Sims (1986,1992) for
the motivations of this choice.
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from the full impact of a contraction in nonborrowed reserves by in-
creasing borrowed reserves.”

After roughly half an year GDP starts declining and this negative
effect persists for all the projection period considered: both the decom-
positions show evidence of short run money non neutrality.

The commodity price index declines persistently after few periods
with both decompositions, while the response of the GDP deflator stays
longer above the zero line with the EVV decomposition rather than
with the Cholesky decomposition.

The former decomposition seems to generate a price puzzle: this
may indicate that the identification of the pure monetary policy shock
is polluted by some other influences9. A closer look to the quantitative
predictions shows that the response of GDP deflator is actually very
close to zero, always being less than 3.8e-4.

The inference implied by the EVV decomposition is thus very much
in line with the conventional view on the effects of a contractionary
monetary policy and with the empirical results found in the VAR lit-
erature so far.

Just to show that this is not the case for each possible ordering of the
eigenvalues in Λ, in the next figure I report the results for a different
one out of the possible n!:
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Figure 3. Responses to a contractionary monetary pol-
icy shock with Cholesky (thin line) and with one (not
ordered) EVV (thick line).

9See the discussion by Eichenbaum of the paper Sims(1992) for related
arguments.
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This identification provides an inference which strongly contradicts
our intuition about a monetary policy shock: the federal fund rate
declines for roughly six months, non borrowed reserves rise sharply for
an year and a half and both measures of prices increase persistently
all along the projection period. This is obviously not defendable as a
contractionary monetary policy shock.

It is important to stress that the correspondence of results between
the Cholesky decomposition (to which we assign validity since it doesn’t
violate our intuitions about the effects of a monetary policy shock) and
the ordered EVV decomposition is not the rule but the exception.

These facts ask for further examination: on one side, if we are ready
to accept the results implied by the Cholesky decomposition as a the-
oretically plausible representation of the system, we cannot reject the
ordered EVV decomposition as something that contradicts our intu-
ition; on the other side, since the scope of this work was to provide a
purely a-theoretical identification procedure that eliminates the circu-
larity problem, what we get is that the inference derived from the causal
relations imposed by that particular recursive ordering is the same of
what we get when we don’t use theoretical restrictions at all. Whether
we can say that this provides an hint that the causal structure imposed
by the Cholesky decomposition is the right one is a matter that asks
for further investigation.

7. Conclusions

A purely a-theoretical identification scheme has been proposed whose
peculiarities are to to attain identification through a much looser cri-
terion than the imposition of causal relations among the variables
(Cholesky decomposition) and to provide an inference which is invari-
ant under different orderings of the variables. The method is based on
the eigenvalues-eigenvectors decomposition of the variance-covariance
matrix of residuals and on a statistical assumption about the properties
of their variances.

The application to the identification of the monetary policy shock
has proven to provide results that are not in contradiction with the
conventional wisdom and with the results produced by the empirical
VAR literature with different identification schemes: after a contrac-
tionary monetary policy shock the federal fund rate rises and non bor-
rowed reserves fall persistently, the GDP deflator reacts slowly while
the commodity price index falls more quickly and GDP starts to drop
after a lag of six months.

The identification scheme proposed has the peculiarity of being inde-
pendent from theoretical assumptions and of endogenously generating
a causal structure; the recursive decomposition exogenously imposes
causal relations on the system and achieves identification through them.
The fact that the results of the application of the two schemes on the
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identification of monetary policy shocks are the same, may rise the
question whether this has an explanation in terms of “true” causation.
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Appendix A

Definition A.1. Let P be a permutation matrix, i.e. a square matrix
of 0s and 1s in which each row and each column contains exactly one 1.
Let P be the set of all the permutation matrices of a vector of dimension
n× 1 . This set contains exactly n! elements.

For example

P
(3× 3)

=




0 0 1
1 0 0
0 1 0




is the permutation matrix that transforms the vector

y
(3× 1)

=




y1

y2

y3




into the vector

y
(3× 1)

=




y3

y1

y2




The next proposition proves that changing the ordering of the vari-
ables doesn’t affect the impulse response functions.

Proposition A.2. Let P ∈ P . Let ΣA be the variance-covariance
matrix of the residuals ut of a VAR with the given ordering A, VA and
ΛA its eigenvectors and eigenvalues. Then for all orderings B given by
Put , it will be VB = PVA and ΛB = ΛA .

Proof. The eigenvalues-eigenvector system is written in matrix notation
as

ΣAVA = VAΛA

since ΣA is symmetric,

ΣA = VAΛAV −1
A = VAΛAV ′

A

The variance-covariance matrix of the residuals under order B, is

ΣB = E(Putu
′
tP

′) = PE(utu
′
t)P

′ = PΣAP ′

thus

ΣB = PVAΛAV ′
AP ′

and if ΛB = ΛA

VB ≡ PVA

It is still to be proven that ΛB = ΛA . Since the characteristic equation
can always be written in terms of trace and determinant, if ΣA and
ΣB have same trace and same determinant, it follows that they have
the same eigenvalues.
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Using the properties of the trace we have that

tr(ΣB) = tr(PΣAP ′) = tr(ΣAP ′P ) = tr(ΣA)

since PP ′ = P ′P = I .
Applying the properties of the determinant, we have that

det(ΣB) = det(PΣAP ′) = det(P )det(ΣA)det(P ′) = det(ΣA)

since det(P ) = det(P ′) is either 1 or -1. Thus it follows that ΛB = ΛA ,
and the proof is complete. ¤
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