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Preface

Philosophy and mathematics

1. The prevailing ortodoxy

1.1. Mathematics vs. philosophy of mathematics 2. 1Philosophy of
mathematics vs. philosophical tradition

2. Limitations of the prevailing ortodoxy

2.1. Limitations of the autonomy of the philosopbhff mathematics - 2.2.
Limitations of the polemic against the philosophicadition

The philosophy of mathematics of yesterday

1.Frege

1.1. Frege's motivations - 1.2. Frege’s program3. Frege’s view of logic -

1.4. Frege’'s debt to Kant and Leibniz - 1.5. Dewizd from Leibniz - 1.6.

Frege's arguments against Kant - 1.7. Hume’s polaci 1.8. Julius Caesar
problem - 1.9. The riddle of defining the extenswia concept - 1.10. The
acme of Frege’s program - 1.11. Julius Caesar pmoladgain - 1.12. Russell's
paradox - 1.13. The fall of Frege’s program - 1Brkge’s final reaction

2. Hilbert

2.1. Hilbert's motivations - 2.2. Finitary and infiary mathematics - 2.3.
Hilbert's aim - 2.4. The conservation program -.Z'fe consistency program -
2.6. Adequacy of the consistency program - 2.7bétitls debt to Kant - 2.8.
Deviations from Kant - 2.9. Expectations concernihg feasibility of the

programs - 2.10. The fall of the consistency progra 2.11. Detlefsen’s
objection - 2.12. The fall of the conservation peog - 2.13. Inadequacy of
consistency - 2.14. Kant's reasons - 2.15. Hillsefitial reaction



3. Brouwer

3.1. Brouwer’s motivations - 3.2. Brouwer’s progrard.3. The rejection of the
excluded middle - 3.4. The intuitionistic notion mfoof - 3.5. The two acts of
intuitionism - 3.6. Brouwer's debt to Kant - 3Deviations from Kant - 3.8.
The intuitionistic continuum - 3.9. The continuithheorem - 3.10. The
limitations of Brouwer’s program - 3.11. Brouwesgssteticism - 3.12. The fall
of Brouwer’s program

4. Conclusions over the philosophy of mathematics of yesterday

The philosophy of mathematics of today

1. Two missing reactions

1.1. A mathematical missing reaction - 1.2. A phdphical missing reaction

2. The philosophical conceptions of the second half of the twentieth century

2.1. Neologicism - 2.2. Platonism - 2.3. Implicaigm - 2.4. Structuralism -
2.5. Fictionalism - 2.6. Internalism - 2.7. Constidism - 2.8. Conjecturalism -
2.9. Empiricism - 2.10. Cognitivism

3. Conclusions over the philosophy of mathematics of today

The philosophy of mathematics of tomorrow

1. Characters of the philosophy of mathematics of tomorrow

1.1. The need for a new beginning - 1.2. Non-autonof the philosophy of
mathematics - 1.3. Relationship with mathematic.4. Limitations of the
question of the foundation of mathematics - 1.5nt@dity of the discovery
problem

2. The image of mathematics

2.1. A requirement for the realization of the pangr- 2.2. Mathematics and
experience - 2.3. Mathematics and problem solvirgj4. Mathematics and
evolution - 2.5. Mathematics and cognitive architees - 2.6. Mathematics and
historical development - 2.7. Mathematics and truth

Godel’s incompleteness theorems



1. First order logic

1.1. First order languages - 1.2. Axioms and rditesfirst order logic - 1.3.
Models for first order languages - 1.4. Consistenc$.5. Soundness and
completeness - 1.6. Isomorphism of models - 118t Brder theories

2. Primitive recursive arithmetic

2.1. Primitive recursive functions - 2.2. The theBRA - 2.3. Some elemetary
properties oPRA - 2.4. Sufficiently powerful theories

3. Codification

3.1. Godel numbers - 3.2. RE-sets - 3.3. RBfike - 3.4. Some useful
primitive recursive functions

4. The incompl eteness theorems

4.1. The fixed point theorem - 4.2. Gddel's fistdmpleteness theorem - 4.3.
Corollaries of Godel's first incompleteness theoi@idel - 4.4. Godel's second
incompleteness theorem - 4.5. Relevance of theesgjmn of consistency - 4.6.
Rosser’s incompleteness theorem - 4.7. Godel'd thtompleteness theorem -
4.8. Comparison between Gddel's incompletenessé¢hen - 4.9. Extension to

other theories

5. Other limitative results

5.1. Tarski's undefinability theorems - 5.2. Undldiility theorem - 5.3.
Church’s theorem - 5.4. Extension to other theories

6. Second order theories

6.1. Second order languages - 6.2. Azioms and ffolesecond order logic -
6.3. Models for second order languages - 6.4. Isphism of models - 6.5.
Second order theories

7. Second order Peano arithmetic

7.1. The theory PA? - 7.2. Gédel's incompleteness theorems Ré¥ - 7.3.
Other limitative results folPA? - 7.4. Categoricity ofPA? - 7.5. Relation
between recursive enumerability and arithmetici®6. Strong incompleteness
of second order logic - 7.7. Non-arithmeticity ofjical consequences BRA? -
7.82. Weak models for second order languages - No®-standard models of
PA
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